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SYNOPSIS 

Univalent functions have been elStensively studied during the last fifty 
to sixty years by different workers in this field. The failure to settle 
Bidberbacdi’s conjecture in its generality has led to the investigation of various 
stAclasses of univalent functions. Usually the following types of problems are 
studied for an univalent, regular and normalized function f(z) : (a) Distortion 
theorems, i.e., determination of lower and upper estimates for |f(z)|, jf'(z){ 


and Coefficient estimates (c) Bounds for arg and 


arg {f’Cz)} (d) Radii of starlikeness and convexity. Investigations similar 

to the prbblans (a) , Cb) and (d) are also carried out in the case of p-valent , 
mean p-valent and circumferentially mean p-valent ftinctions. 

The present thesis consists of seven chapters. 

Chapter 1 is a brief introduction to some results in the theory of univalent 
functions and multivalent functions and describes the problems which have been 
investigated ftirther in the ranaining six chapters. 

The converse problem of S. Bemardi (Trans. Amer. Math. Soc. 135 (1969), 
429-446) has been studied in chapter 2 and sharp results have been obtained 
which, in particular, include the results of Pa&tmabhan (J. London Math. Soc. , 
^ (part 2) , (1969) , 226 - 231). In the same chapter a jregion of ccnnmxity 
for functions of the class » defined by D.J. Wright (Ccm^. Math. 20, 
(1969), 122 - 124), has been obtained and the results have been shown to be 
sharp. In particular, these include a result of D.J. Wri^t (which is also 
due to Ram Singh (Co^. Math. 2^ (1969), 230 - 231)) . How the radius of 
convexity of xinivalent starlike function of order B d^ends on the 
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coefficients of Taylor eaqpansion around the origin, has also been Investigated 
in the same chapter. 

In chapter 3, the distortion theorems for the a -spiral univalent ftmctions 
have been obtained . Some results are shown to be sharp . These results in 
particular include some results of Finkelstiin (Proc. Amer. Math. Soc., 18 
(1967), 412 - 418) and D.E. Tepper (Thesis, Temple University, U.S.A.,93^'®)). 

Coefficient estimates for a-spiral univalent functions have been made 
in chapter 4. The results of this chapter include some results of Libera 
(Canadian J. Math., 19 (1967), 449 - 456), MacGregor (Michigan Hath. J. 10 
(1963), 277 - 281) and others. 

Chapter 5 deals with the radius of convexity region for the class of 
generalized meromorphic close- to-convex functions, i.e., the class of 
B(B,X,o) defined and introduced in this work. In particular, it generalizes 
a theor«a of Libera. From the results obtained one gets the region of 
xmivalence for f(z) e B(3,X,0). Coefficient estimates for f(z) e B(B,X,o) 
have also been obtained. 

Necessary and sufficient conditions on the HKasure functicai, occuring 
in the integral representation for the class T(p) of p-valent typically 
real functions, have been obtained in chapter 6. The coefficient estimates 
for f (z) a T(p) have also been derived. 

Finally, in chapter 7, coefficient estimate for bounded Bazilevic 
p-valent function has been obtained. 


■C^TER 1 
INTRODUCTION 

1.1. A function £(z) is said to be univalent (or schlicht) in a dOTiain 
D, if for any two points Zj and Z 2 of D we have f(Zj^) = only 

if Zj = Z 2 . A function f(z), which is regular and univalent in the unit 
disc b{lzj < 1} may be nonnalized by the conditions f(0) = 0, f ' (0) = 1. 
The nornalization of a function is not an essential restriction, for , if 

f(z) is univalent i so is the function g(z) = (0) shall 

d^ote by S the class of analytic functions fCz) which are regular and 

univalent in the unit disc* D and which are nonnalized by the conditions 

f(0) = 0, f ' (0) = 1. The Taylor expansion of such a function about the 

00 

origin has the form f(z) * z + ][ a z®. 

n=2 

The origin of the theory of univalent functions can be traced to a 

paper by P. Ko^e in 1907 on the tmiformization of algebraic curves [27]. 

In this paper Ko^e proved in particular, that there is a constant k, 

(called Koebe's constant), such that the botmdary of the map of jzj < 1 

by any function W ® f (z) of the class S is always at a distance not 

less than k from W = 0. Koebe*s work was followed by a number of other 

workers (Pl«nelj [48], Gronwall [19], Faber [10], Bieberbach [5] ,' and. 

others). In particular, Bieberbach in 1916 obtained that k = — , which 

4 

could also be found fr(»i the results of Gronwall [19]. Bieberbach also 

eo 

found that ja- | < 2 for f(z) = z + J zl z^ e S, Since the equality 
~ n=2 

*Hereinafter we shall denote the tmit disc |z| < 1 by D. 
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in the above result is attained for the function (Koebe function) 

00 

f(z) = z + J, a z® a z (1 + e^^z)"^, ^ real, and also because Ia„| = n, 
n«2 " 

n = 2,3,... for the above ftmction, it was craijectured by Bieberbach that 

(1.1.1) ^n,na2,3,... 

« 

for f(z) a z + ^ ajj z® e S. Approximately at the same time Bieberbach 

n*2 

proposed the coefficient problem. This is the problaa of finding for each 
n,n ^ 2, the precise region Vjj in Euclidean space of 2n-2 real dimensions 
occiqjied by the points (a 2 ,a 2 ,...,aj^) corresponding to functions of class 
S. No satisfactory and complete solution for this problem is known so far. 
However, in particular for spaces V 2 , V^, the solution is known. Infact, 
Bieberbach [5], Lowner [35], Garabedian and Schiffer [12] and R.N. Pederson 
[47] have proved, respectively, that 

(1.1.2) ja^^j ^n for n = 2, 3, 4, 6. 

No soliition is known for a^ and hence the coefficient problem for Vg and 
Vg is onsolvad. Quite recently the problem of local maximality for the 
coefficients a^ and ag hses been considered by Jenkins and Ozawa ([23], [24] 
and Ozawa ([41], [42], [43], [44], [45]). 

# 

Various sthclasses of the class of univalent functions have been 

investigated by different workers in this field. The fact that a family 

* 

of analytic functicms f(z) which is normal, compact and satisfies the 
condition }f’(c)| ^ 6 > 0 at a point c in a domain D have a circle 
of univalence about c, follows from the theory of normal families [7]. 
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Although several sufficient conditions for univalence of an analytic 
function are known ([37], [38], [57], [68], and others), exact determination 
of the radius of univalence of a given analytic function is often not easy. 

ka. important subclass of the class S of univalent functions is the 
class of convex functions. A function f is said to be convex in D if 
image under f of the domain D is a convex set. We shall denote by C 
the class of functions convex in D. If further, all members of the class 
C are regular, univalent in the unit disc D and are normalized by the 
conditicms f(0) » 0, f*(0) = 1, then C is a subclass of S. A necessary 
and sufficient conditicm for a function f e S to be convex has been given 
by M.S. Robertson [52], It states that f e S is convex in jzj £r, if 
and <mly if, 

(1.1.3) > 0 

for all z such that jzl ^ r. Robertson [52] has also defined the order 
8 of a convex function f e S. Thus, f e C is a convex function of order 8 
in the unit disc D, if 

(1.1.4) ^ for all z e D{|z| < 1) , 

and 0 8 < 1 

z = 2o» ^^o* - 


and if for every e > 0, sufficiently small, there is a 
1, for whidi 


ReCl 




} < 8+e 




(1.1.5) 
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We shall denote this class of ftmctions by Cg . 

A wider subclass of S than the class C of convex functi<Mis is the 
class of starlike functions, usually denoted by S*. A function f e S is 
said to be starlike in D with respect to W = 0, if any point W * f(z^' 
in the image set of D, when joined to the origin W = 0 by a line segjnent 
has the property that all points of sudi a line segment belong to the image 
set of D under f. Equivalently, f e S is starlike in D relative to origin 
if it is mapped into a domain which has the property that every straight line 
through the origin cuts the contour enclosing the domain in not more than two 
points- A necessary and sufficient condition for f e S to be starlike in 
D with respect to the origin is wellknown [52] . Thxis a function f e S is 

1 z I ^ r , if and only if , 

for all z such that j^l 


starlike with respect to W = 0 in 

( 1 . 1 . 6 ) 


As in the case of convex functions, the order g has also been defined by 
Robertson [52] for the case of starlike ftmctions. Thus f e S* is said 
to be starlike function of order 6, if 

(1.1.7) |zl < 0 1 6 1 1 . 

and, if for every e > 0 sufficiently small there is a z = z^, |z^| ^1, for 
whlcii 


. ^Zof’(Zo) 

Re{ ~ } < 6+e 

fCZo) 


( 1 . 1 . 8 ) 
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We denote this class of functions by the symbol S* . It is to be noted 

p 

further from (1.1.4) and (1.1.7) that 


(1.1.9) f(z) e Cg, if and only if, zf ' (z) e S* . 

Yet another useful subclass of univalent starlike fijnctions is due 
to D.J. Wright [67]. f e S| , if and only if. 


( 1 . 1 . 10 ) 


zf • (z) 


"f(z) 


-ll <1-6 


for z e D and 0 £ 6 £ 1. 

A class wider than the class of starlike functinns is the class of 
spiral-like functions introduced by L. Spacek [62] in 1932. Spacek essentially 
showed that a function f e S is spiral -like in D if 


( 1 . 1 . 11 ) 


^ »• 


l5| =» 1, z e D. 


If we replace 5 by , with jctl » then f is called [32] univalent 

a-spiral function. We shall denote the class of univalent o-spiral functions 
by S(a). Clearly, starlike functions are also a-spiral ftmctions with a = 0. 
The order p of univalent a-spiral function has recently been introduce by 
Libera [32]. Thus, f e S(a) is said to be of order p in D, if 


( 1 . 1 . 12 ) 


Re { 5 


.lo, 


zf’(z)y > 
fCz) 


p >0, 0 < p <1 


for all z e D, 


According to Libera, we shall consider the fenctions belonging to the classes 
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S* and C- only with the conditions (1.1.7) and (1.1.4) and call 0 

p p 

to be the order of the respective classes. These conditions are less 
restrictive than those referred on the pages 3 and 4. 

Another class, wider than that of starlike ftmctions is the class of 
close-to-convBX univalent functions, which we shall denote by r. This 
class has been introduced by W. Kaplan [25]. If f(z) be analytic in 
|zj < 1, then f(z) is close-to-convex for |z] < 1 if there exists a 
function <Kz) , convex and univalent for |zj < 1, such that (j, f^ 2 ,) 
positive real part for Izi < 1. This class of functions in particular 
includes the class S*. Kaplan [25] further showed that if f(z) is close- 
to-convex then it is xmivalent. He further characterized close-to-convex 
functions, without reference to a convex function <J>. Thus, f(z) is close- 
to-convex, if and only if, 

(1.1.13) Re{ 1 + ^,-y} de > - IT 

i6 

where < 02 , z = re and r < 1. 

The order 0 and type X for f(z)e r has been introduced by Libera 
[29]. If f(z) be analytic with f(0) = 0, f'(0) = 1 in the unit disc D 
and 0 and, X lie in the closed interval [0,1], then f(z) is said to be 
close-to-convex of order X and type 0 if and only if for some F(z)e S| 
we have 

(1.1.14) Re > X, for all zeD 

F(z} — 

We denote this class of ftmctions by r(X ,6) and identify r(0,0) = r. 
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In fact, from the above definitions it follows that 

. . . CC^S^drc S, C c S* OS(a) c s, s*os*, C.<^C 

p p 

(1.1.15) { 

and Sp(o)^SCa) , r(x,e)Qr(0.0) 

Some analogous extensions ([22], [31], [38]) of the classes S* , Co,r(X,g), 

p p 

Sp (a) are also carried over to the meromorphic univalent functims which are 
regular in the unit disc except at the point z = 0. Here we shall adopt 
the following definition given by Libera [31] which also includes the 
definition of Libera and Robertson [28] for a subclass of meromorphic close- 
to-convex functions of order X and type o. Denote by B(X,ct) , 0 ^ X,a 1, 
the family of functions 

(1.1.16) f (z) = — + a^ + a, z + a^ 2 ^ + . . . 

2 0 1 ^ 

which are regular in E(0 < jzj < 1) and together with some function FCz) 
having the representation 

-ia 2 

(1.1.17) F(z) » ^o ^1^ * ^ 2 ^ * ■*' * “ 

regular in the annulus E(0 < Izl < 1) and belonging to the class I* of 
ureromorphically starlike functions of order a, 0 ^1, i.e., F e I* , 

if and only if , 

-zF’(z), 

Re { p(z;) '} > o , z e E. 


( 1 . 1 . 18 ) 



8 


and 

(1.1.19) Re > X . z e E. 

If f e B(X,a) then we say "f is mercffliorphically close-to-convex of order X 
and type a"; and f e B(X,a) with, respect to F is read ”f is close-to- 
convex of order X and type o with respect to F. It is to be noticed [3:1] 
that if f e B(X,a), then it need not be univalent. In general, if Ffz) = 

z(l + and P(z) = ^ * (1 ■ 2X)z ^ then F e I* and ReCPCz)} > X, 

1 - z2 ^ “ 

z e E. Further, if -zf'(z) = FCz). P(z), then 

(1.1.20) f(z) = l-(3 - 2X - a) z + ... e B(X,a). 

z 

Consequently, f is not imivalent [3l] for those values of X and a for 
which (3 - 2X - o) > 1. 

The class B(X,a) can be further extended. We denote the class P(^,X,cf), 
0;^X, 0^1, 8^1 as a family of functions F(z) and f(z) having 
representations (1.1.16) and (1.1.17) respectively, such that 

(1.1.21) “ + i tan a + X sec a} {1 + X sec a}'^] -B] < B 

F(z) 

for Jz) < 1. If f e B(B,X,o) then we shall call f to be memorphically 
generalized close-to-convex function. 

In the context of coefficient problem yet another subclass of univalent 
functions of S was introduced by Rogosinski [58], who called the class as 
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a class of typicaHy real functions, since all the coefficients of such a 

fimction in its Taylor expansion about the origin are taken to be real. We 

denote this class by T(l). Thus, f e TCI) implies that f is regular 

<» 

and univalent in jzj < 1, has expansion f(z) = z + J aijj z” with the 

n=2 

property that f assumes real values if and only if z is real. For such 
a function f ,Im{f(z)} and Im{z} always have the saiae sign in jzj < 1. 

It must be pointed out here that Bieberbach ’ s con j ecture for the 
coefficients is true ([6], [20], [62], [51], [([9], [58])]) for functions 
belonging to the classes C, S*, SCa), r and T(l). 

The concept of xmivalence can be extended to p-valence, mean-p-valence 
or circumferentially mean p-valence for analytic functions regular in the iniit 
disc D{jzj < 1). A regular function f(z) in the unit disc b{jzj < 1} is 
said to be p-valent, mean p-valent and circumferentially mean-p-valent if the 
following are satisfied respectively; 

(1.1.22) The equation f(z) * w has never more than p-solutions and 
there also exists a z = z^ e D such that f(z) = w has exactly p-solutions . 

(1.1.23) W(l) = nCpe^'^)pdpd<^ < p for 0 < jzj < 1, where 

IT ° 0 ■" 

n(pe^*} denotes the nunber of roots of the equation f(z) = pe^ in the 
disc |zj < p, and ' 

(1.1.24) p(l) = n(e^’*’)d<f < p 

2ir . . 

where n(e^^) denotes the ntunber of roots of the equation f(z) 
the unit disc D(|zj < 1). 
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In particular, the classes S* and T(l) have also- extensions to 
the above class of p-valent or mean-p-valent functions. M.S. Robertson [54] 

eo 

has extended the class T(13 to the class T(p). A function f(z) = Cj^ z*^eT(p3 

n=l 

if and only if (a) f(z) is regular in the tmit disc jz| <1 and all the 
coefficients are real., (b) there is a number 5 = 5(f3, 0 < S < 1, such that 
for each r in the interval 1 - 5 < r < 1, Im{f(z)} changes sign 2p-times 
on the circle jz} = r. 

In particular, the class T(p3 includes the class of p-valent real 
starlike functions which form a subclass of the class of p-valent regular 
starlike functions. According to Robertson [56], a regular function 

f(z) = £ be p-valent starlike if 

n=l 

and only if 


(1.1.25) ^ ^ 

for z = re , p < r < 1. Geometrically this means, that for a range 
p < r < 1, the image curve c,. of jzj = r, through the mapping W = f(z), 
has the property that the vector joining the origin to the point f(z) turns 
continuously through an angle 2'np in the anti-clockwise direction as z 
traverses the circle jzj = r once in the same direction. 

We define here another class B(p) of p-valent regular functions 
which we call Bazilevi1i?-p-valent regular functions. Thus f e B(p) , if 
and only if. 


Re{ - } > P > 0 


(1.1.26) 
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for stHae p-valent starlike regular function g( 2 ) in Izj <1 and g ^ 0. 

♦ 

Similar to Bieberbach’s conjecture for univalent functions, A.W. Goodman 

0& 


[17] conjectured that if FCz) 
then for n > p 


V XI 

Z a^j z be reg:ular and p-valent in D, 
n=l 


P 2k (p+n) ! 

(1.1.27) Kl i J, - - 

k=l (p+k) I Cp-k) I (n-p-1) ! (n^-k^) 

For p = 1, this conjecture reduces to the conjecture of Bieberbach for 
univalent functions. Goodman and Robertson [18] showed that (1.1.27) holds 
for all n > p whenever f(z) is p-valent starlike in D and the 
coefficients aj^ are real. If the coefficients are complex then Robertson [56] 
proved (1.1.27) for p = 2. Very recently Livingston [34] has shown that 
(1.1.27) is also true for all n, if F(z) = jzj < 1, and F(z) 

is p-valent close-to-convex in D. 

Usually the following types of problem are studied for univalent 
functions : 


(a) Distortion theorems,i.e. , determination of lower and upper estimates 
for lf(z){, If’(z)}, 

(b) Coefficient estimates for fCz)e S. 

(c) Bounds for arg and arg {f'(z)}. 

z 

(d) Radii of starlikeness and convexity for fCz). 

Investigations similar to (a), (b) and (d) have also been caixied out 
in the case of p-valent, mean p-valent and circumferentially mean p-valent 
functions. 
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In the present work, we have mainly restricted our investigations to 
the problems o£ the type (a) , (b) and (d) , for certain subclasses of univalent 
functions and to the problem (b) and the area growth estimates for p-valent 
functions. We have also investigated problems (b) and (d) for generalized 
meromorphically close-to- convex functions. 

In chapter 2, we have obtained the converses of the theorems of 
Bemardi [4]. The results of this chapter include the results of Padmnabhan 
[46] and are sharp. We have also obtained the region of radius of convexity 
for the class of functions F* which includes a result of Ram Singh [60] , 
which is also due to D.J. V/right [67]. In the last section of this chapter 
we have obtained a radius of convexity theorem for the class S* which depends 

P 

on the second coefficient ^"(0). In particular, we have obtained the 

regiopsTof convexity for S* when f'CO) = 0 and S| when £"(0] = 0. 

T 

In chapter 3 , we have obtained distortion theorems for functions 

belonging to the class SpCa], which include- some of the results of Finkelsteii 

[11] and Tepper [65]. Some of the results are also sharp. 

In chapter 4, we have obtained the coefficient estimates for functions 

of the class S^(o) and as an important consequence, we have obtained that 

jf''(0) 1 < n cos a, n > 2 which is a better bound than that obtained by 
n! ■“ “ 

V Si 

Spacek. It is to be pointed out that these results have been obtained by the 
use of Herglotz’s theorem, while Libera [32] has obtained the coefficient 
estimate by using the method of Clxmie [8]. Further, in the same chapter, we 
have obtained a general coefficient estimate for Sp(a) which includes the 
above result of Libera and also includes some results of Ma<£regor [36] 

Go Ills in [15] and others by using the method of Clunie. 
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In chapter 5, we have obtained the radius of convexity region for 
the class B(g,X,o) which also includes a theory of Libera [31] in particular. 
From this result we also get the region of uni valence for f( 2 ) e B(e,X, 0 ). 

In the same chapter we have found the coefficient estimates for f(z)e BCB,X,a) . 

In chapter 6, we have obtained some necessary and sufficient conditions 
on the measia*e function occuring in the integral representation [13] for 
functions of class xtp). In particular, we have deduced the coefficient 
estimates for f(z) e T(p) . 

In chapter 7, the coefficient estimate for bounded Bazilevic p-valent 
functions has > been obtained. 



CUTTER 2 

Hie Radius Of Convexity And Starlikeness 

2.1. In tiiis chapter we study the following classes of univalrait functions! 

Definition 1. Let S denote the class of functions W = f(z) = z l a z” 

n-2 

which ^e regular ^d univalent in the imit disc bCjzj < l). 

Definition 2. Let S* denote the class of functions f (z) ^ S, which map 
D onto ^ rejjion vAich is_ starlike with respect to W = 0. 

The equivalent characterization of definition 2, as given by Robertson 
[5?], states that f(z) is starlike univalent function with respect to W = 0, 
if and only if^ 

for jz|-< 1. \ 

Definition 3. let S| denote the class of functions f(z) ^ S* which 
have the additional property that 

> B ; z e D 

where 0 ^ ® 1. 1* •• 

Here B is_ referred ^ the order o^ tAe starlike univalent itoction f (z) , 
and we idmti^ S* = S*. 

Definition 4. Let S* denote the subclass of functions f(z) of S* for 
which 
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foT 2 e D, 

DefinitlOT 5. Let C denote the class of functions f(z) ii^ S which map 
D onto a re^on which ^ convex. 

Analytically, this definition can be equivalently reformulated by the 
following characterization given by Robertson [52]. • 

Definition s’. A fimction f(z) is convex imivalent if and only if 


Re {1 + > 0 

f’(z) - 

for all z € D. 

DefinitiOT 6. Let Cg denote the class of coiwex univalent functions of 
oi^er g if 


Re {1 + ^£"[ 2 )} 1 ^ » 2 e D 


where 0 ^ 1 • 

Definition 7. f(z)E S and g(z)e S| 


Re > X and 

gw “ 


satisfy the conditions 


gCz) 


> > B 


for all z e D and 0 £ X , g £l , then f(z) is said to be close-to-convex 
fimction wi-^ respect to g(z) of order X ai^ type g . 

We denote this class by rCX,g). 

Itefini^on 8. If X = 0 and g = 0 then fCz) is singly said to be 
close-to-convex function with respect to ^ ^ ^ 



Iliis concept of close-to-convex functions with respect to another 
function was introduced by W. Kaplan [25] and its extension appears in the 
works of Robertson, Libera and Robertson and others. 

Libera [50] in 1965 established the following theorems : 

Theorem A[Libera]_ : ^ f e S* (or f e C) then tte function F(z) = 

fCt) dt e S*( or F e C) . 

Z o 

Theorem B[Libera] : If f ^ close-to-convex with respect ^ g, 

F(z) = f(t) dt and GCz) = 1 g(t) dt 

Z o z o . 

then F is close- to-convex with respect ^ G. 

S. Bemardi [3] extends theorenB A and B, and he proves in general the following 
Theorem C[Bexnardi] : If fCz]e S* (or C) then ' 

g(z) = I Cc+n)®n ^ 

n=i 

and c = 1, 2, 3, then g(z]e S*. 

Theoran D [Bemardi] : Let f(z) be close-to-convex with respect to g(z), 
c = 1, 2, 3, . . . 

f(z) = (.^V.) z^-'=[z''fCz)]’; gCz) = (j^]z^"''Cz%(z)]‘ 

Then F (z) i^ close-to-convex with respect to G(z). 

The ccHiverse problem of Libera [30] is treated by Livingston [53] who proves 
the following : 
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'nieor^E[ Livings ton] : ^ F(z) S* then fCz) = j [z F(z)]* is 

starlike for jz| < ^ result is sharp, 

Theoroa F[Iivingston] : ^ F i^ in G, then f(z) = y [z F(z)]* is rndvalent 

in D and ^ convex for { 2 } < i. This result is also sharp. 

Bemardi [4] again considered the converse problem of theorCTis C and D 
and he proves the following : 

00 

Theorem GrBemardi] : If fCz) = z + T a„ z , 

. ... n 

sCz) = ! = Cc*l) z-c fl t'=-l £(tl dt, 

n=l 

with a^ = 1 and c = 1,2,3,..., and gCz)e S* (or C) then f(z) is starlike 

(or convex) in the region jzj for c * 2, 3, 4, ... and 

jzj < — for c = 1. This result is sharp. 

2 

Theoran H jBemardi] : Let F(z) ^ clos e-t o-convex with respect to 
G(z)e S* and 

fW ■= FW]'. 

gci) = li,, Gc^)]' 

then f(z) is close-to-convex with respect to g(z) in the region 

jzj < for o = 2, 3, 4, ..., and Jzj < j , ^ c = 1. 

K.S. Padnnabhan [46] considered the comrerse problem of Libera “[30] for the 
class S* , C. and r(p ,B) . In this chapter we are mainly ccaxcemed with 

: .P: ' P-,. 

the radius of starlikeness and radius of convexity for functions S| , 
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and Cg respectively. In particular we derive the converses of theorems 
G and H of Bemardi for the classes S| , Cg and We notice that 

these results are sharp. With these extensions we deduce' the theorans of 
Padmnabhan also. Incidently, the proof of our theorem 1, which includes a 
theorem of Padnmabhan, is much simpler and can also be adopted for the 
restricted case considered by him. 

In section 3, we consider the problem of radius of convexity for the 
class S* which includes a result of Pam Singh [60] and which is also due to 
D.J. Wright [67]. 

We shall need the following lemmas : 

Lemma 1 [39] : Let the anal^ic fimction f (z) regular ^ the unit disc 
jzj < 1 and let f(0) = 0. 1^, \z\ < 1, )f(z)j £l, then 

jf( 2 )I < jzj , , jzj < 1 


where equality can hold only if fCz) = Kz and |k| =1. 

The following lemma is known as generalized Schwarz’s lemma. 

Larana 2 ([39], p. 167): fCz) be regular ^ the disc D(|z| < 1) and 


|fCz)| < 1 there, then 


lf( 0 ): - hj < j£f2-)j < Jzj +.,|fC 0 )l 

1 - “■f(0) |r 2 | - -1 + |f(0)|[z| 


The following lemma is due to S. Bemardi : 

Lemma 3 ([3] , p. 314 ) : Let f(z) and g(z} be regular in jzj < 1, g(z) 

1 R f ’ fz) 

map jzj <1 onto a many sheeted starlike region , a,B real, Refe^ 


for |z| < 1. g(0) = fm = 0. Bien > o for |r| < 1. 

gCz) “ ' 
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Further, if £(z) e s*, gCz) = H(t) dt = fCt) dt, ihen 

g(z) _3£ (p + 1) -valent Starlike for p = 1, 2, 3, ... . ■ 

The following result is due to D.J. Wright [67] , which we state as a 

lemma. 

Lemma 4 [67] : f(z) e S* , if and only if , f(z') = z exp [(1 - 5) /* (|»(t) dt] 
where (j)(z) ^ regular and bounded ^ 1 5^ the unit disc D. 

2. 2 We shall prove the following : 

00 o» 

Theorem 1 : If f(z) = z + 7 a z^ e S* and g(z) = T a_ z^ 

— n=2 ^ ® '■ n=l ^ 

= (c+1) z~^ t*^”^ f(t) dt, with a^ = 1 md c = 1,2,3,..., then g(z) e S| 

and conversely, ^ gCz) e S* then f(z) is starlike of order 6 in the _ 

region 


; -C2-B) + C3+3^+c^+2c6-2B) 
! ' (c+2e-l] 


, if c = 2, 3, , . . 


jzj<rQ={ j , if c = 1 and 3=0 


? -C2-3) + (4+3^)^^^ 
’ ■ 23 


, if c = 1 and 0 < 3 < 


Remark : The essential ideas in the first part of the proof are the same as 

I 

given by Bemardi . 

Proof : Let 


JCz) = t^^"^ f (t) dt 

A direct computation yields that 


J» Cz) = f(z) 
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g‘(z) = (c+1) {z"^ f(z) - cz“^“^ f(t) dt} 

and 


[z‘^‘^^g’(z)3' = Cc+1) [cz^'^£(z) + f’(z) - cz^'^ f (z)3 = (c+l)z^ f’(z) 

Hence , 


( 2 . 2 . 1 ) 


Re { 


> > Cc+1) 8 


Therefore, by lemma 3 and (2.2.1), we have 


Re' } > R{c.l) 

g(z)z'^ 


This in^jlies that 




and the proof of first part of the theorem is coii^ilete. 
Conversely, by the hypothesis of the theorem 


g(z) = t’^"^ £(t) dt 

z 

Hence, 

(2.2.2) W . [(<=*« . (t)dt 
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= |[Cc+l){f(z} - f(t) ^2 ^C-l 

z z 

_ zJ* - cJ 
J 

Further, since g(z) is starlike function of order $, so there exists a 
function oiCz) which is regular in the unit disc D and satisfies the 
conditions of Schwarz's lemma, such that 

(2 2 S') C1-23)‘>J (z) 

gCz) 1 + aj(z} 

From (2.2.2) and (2.2.S) it follows that 

zJ' - cJ _ 1 + (2e-l)aCz) 

J ' “ 1 + a3(z) 

or ffzl - * (23-1)mCz) + c + cojCz)] J_ 

or f(z) = [(l+c) + {c + (20-1)} m(z)XJ 

[1 + m(z)] 

Differentiating logarithmically we obtain 

zf * (z) z[c + 20-1} (d’(z) zJ'_- cJ zto' ( z) 

f(zO “ l+c+lc+2B-l]u(z) * J " " i+w(z) 

Using (2.2.2) and (2.2.3) we obtain 
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(2.2.4) 


But 

(2.2.5) 


and 

(2.2.6) 


The last 
([39], p 


zf‘(z) _ _ zaj‘(z)[(c+2g-l)(l+co(z)) - {(l+c)+cto(z) + (2B-l)oi(z) }] 

f(z) . ' ri+(i5(z)l [fl+c) + (c+2B-1)m(z)3 


^ 1 + (2p-l)(ij(z)_-$ -gm(z) 
1+ta (z) 


Z(o'(z)[(c+26-l-l-c) + (c+23-l-c-2B+l)«(z)] ^ (i-8) (i-a)(z)) 
tl+a3(z)][(l'+c) ■+ (c+2'b-1)oj(z)] " ' ' iWfz) 


n Q\r l-“(z) 2 zm*(z) , 

i+oTCz)' ~ [l+orCz)l[Cl+c) + Cc+2B-l)aj{z)] ^ 




1 - l“Cz)J^ 

|l+a)(z)j2 


jj ■ r 2 z< 0 ' (z) -1 

'tl+“t 2 )TE(l+c) + (c+2B-i)®(z)3^ 
2|z1|<d'(2)1 

— jl+u'Cz) |‘[(1+c) + (c+28-1)u)(z)'| 


2'z)(l-l(o(z)p) 

1 (l-lzP) ' i+uCz)|!(l+c) + (c+26-l)u(z) I 


inequality has been obtained by xising the following wellknown inequality 
168). 


jta' (z) 


< Cl-l?>(zlft„ 

~ (1 - |z|2) 


(2.2.7) 
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Thxis from (2 . 2 . 4) we note that £ (z) is starlike of order 3 , i£ 

-2j2LCl-WCz)l^) _ ^ 

ll+ci)(z)l (1-lzp) j (1+c) + (c+23-l)w(z) 1 ~ ll+t>i(z)l2 


or 


2jzj < . ^ 

(1 - lzp)j Cl+c] + (0+23-1)03 (z)j “ 


or 


( 2 . 2 . 8 ) 


,2|z| 

1-lz! 


2 1 


(1+c) (l + 03(Z)1 

(l + U5(z)j 


0+23-1 , , , 

- < 1, we have 


Sinoe jto(z)j ;< )z| and 


(2.2.9) 


1+0 
|1 + 0 )(z)! 


1 + Z 


Henoe, by (2.2.8) and (2.2.9), we obtain that f(z) e S* if 

P 


2izL. < ^ (0+23-1) jzj 

1-'|V|2- l.|z| 

or 2 Izj 5 {(1+0) + ( 0 + 23 - 1 ) |zj}(l - |z|) 


i.e. (l+o) - ( 2 + 1 + 0 - 0 - 23 + 1 ) jzj - (o+ 23 -l)lzi^ > 0 

or (1+c) - 2(2-3) lz| - (c+23-l)lzp > 0 

Let P(r) » (1+c) - 2(2-3)r - (c+23-l)r^. Since P(0) = 1 + c and 
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?’(!■) = -2(2-B) -2(c+2&-l)r < 0, so P(r) is a decreasing function of r. 
Thus the positive root r^ for vSiich P(r) >0 must be less than the root of 
the polynomial 

(1+c) - 2(2-e)r - Cc+2e-l)r^ = 0 

-C2-B) + *4+32_4g+c+2e-l+c2+2c0-c 
i.e., ■ ' - (c+2g-l) 

_ -C2-e) + ’^3+e^+c^+2gCc-l) 

(cV2e-l)‘ 

This gives the required value of r^ and the proof of theorem 1 is complete. 

The following exaii 5 )le shows that the result of theorem 1 is sharp for 

each c. 

Example. Consider the function 

fCz) = zCl-z)2(^'^^, 0 ^ p <1 

Clearly J^Cz) e S* . By direct computation we obtain 

P 

zf‘ (z) = (1-6) (1-z) + (3-26)z _ z(c+2_6-l) ^ 

f(z) ^ ' 1-z ' ' ~ Cl+c)-(c+26-l)z‘ 

(1-6) [(1+c) + 2(2-6) z-(c^6-1)z2] 

(1-z) [(1+c) - (c+26-1)z3 

Thus " ® ^ “ *^0* starlike in any circle 

jzj < r, if r > T^. 
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The theorem [G] of Bemardi now follows by talcing c = 1,2,3,... 
and 3=0. 

If we take c = 1 and 3^0, then the following theorem of 
Padmnabhan [46] follows as a corollary to theorem 1. 

Theorem [Padmnabhan]. Let gCz] e S* . Then f(z) = 4(zg(z)' is starlike of 
order 3 for 

|zj <■ {(3-2) + ^32+4}/2S. 

Theorem 2. If g( 2 ) e Co, f(z) = ^ z^"^ [z*^g’(z)]’, c = 1,2,3,..., then 

— p 

f(z) is convex for 
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fCzl = ' ^ - V 

'■ ■' 1+c ‘■^ 23-1 ^ 


z^"'" r„c-l czc-l(l-z)2^-^ z‘=Cl-z)^^"^(2B-l), 

1 +c •■ ’ 20-1 ' ' ' + (28-1)” ^ 


1 cci-z)28-^ ^ zn-z-)^^-h 

- ■ (28-1) ) J 


CUCK28-1) [C28-1)c-cC 1-.)2^-1 . (2B-l)xa-z)2e-2] 


£*(z) = .(i’-_ 2 B)‘( 28 - 2 )za-z>^^:^+cC 28 -l)Cl-z)^^”^ +C 28 - 1 )( 1 -z) 2^'2 

(l+c) (28-1) 

(l+c) (26-l)Cl-z)^^"^ - (28-1) (28-2) z(l-z)^^"^ 

“ (1+c) (28-1) 


= Pi:cM2l'ir” 


_ Cl,-?) ' 


28-3 


1+c 


[(1+c) + (-l-c+2-23)z] 


ft 28—3 

(l+c) Cl-c-26) z] 


Differentiating logarithmically, we have 


f’Cz) _ f28-3 (l-c-28) 

'f‘(z) “ ^1 -z'^ '(i+c)+ (l-c-28) z 


This implies that 
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zf"(z) 
■ f ’(z) 


1 ft X2B-3 )z 
= - (1-z) 


+ a-c-2e)z_ ^ T _ 

Ci+c)+(l-c-26)z 


(2e-3_)z +(l+c) (l-6)+z[(l-g) Cl-c-2g) + (l-c-23)] 
1-z” (l+c) +” (i-c-23)z 


(1+c) (l-3)+z[C3-23) (l+c) -(l+c) (1-3)+ (2-3) (l-c-23)]+z2[(l-c-23) (-23+3-2+3)] 

(l-z)[(l+c)+(l-c-23)zl 


_(l+c)il-3)+z[(l+c) (3-23-1+3)+ (2-3) (l-c-23)]+z^ [(1-0-23) (1-3)3 

( 1 -z) [( 1 +c)+( 1 -c- 23 )zJ 


(1-3)[(1+c)+2(2-3)z-(c+23-1)z2) 

'(l-,z)t(l+c) -'(c+23-l)zl " 

Hius the expression (1-3) + vanishes for z = -r^ hence f(z) is not 

convex of order 6 in any circle izl < t, r > r^. Similarly for ^ 

F(z) = -log (1-z), sharpness of the theorem can be established. 

It we take c = 1 and 0 ^ ^ ^ in theorem 2, then the following 
theorem of Padmnabhan [46] is obtained as a corollary to theorem 2. 

Theorem [Padjimabhan] . Let g(z) e Cg. Then f(z) = ^zg(z))’ e Cg for 
lz| < {(3-2) + ’^3V4}/23. 

For this class of convex functions, if 3 = 0, then theoran G of 
Bemardi follows as a corollary to theorem 2. 

Theorem s : Let f (z)=j;^;{.z^FCz)l •ana_g(z) = [ jC : ^ 

c = 1, 2, 3, ..., G(z) e S| ^aaid F(z) s r(X,3) with respect ^ 6(z). Then 
f(z) is close-to-convex with respect ^ g(z) o^ order X and type 3 with 
respect to the associated function g(z) for 
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1 

{ 

f 

r 


-f2-6) + ’^3+g2+c2+2ce-28 
(c+26-1) ‘ 


and 8 is chosen such that 


1. if c = 1 and 8 = 0 
2 ’ 


if c= l,2,3,...j 
c + 28 - 1 > 0 


8 > 0 


This result ^ sharp. 

Proof : Since F e r(X,8), therefore there exists a fimction G(z) e S* 
that for |z} < 1 

Re > X and Re } > 8 


Further, since G(z) e S| , from theorem 1, we have 

^ ^ ^ ^o* 

Let us compute 

zF'(z) _ z^~*^[(z^F(z))» - c z®"^Cz)] 

G"(z) ■ G(z) 

^ - c /o f(t) dt 

rl g(t) t^‘^ dt 

Also for some m(z) satisfying the conditions of lemma 1, we have 


zF' (z) 
G(z) 

1 - X 


^ _ 1 - to(z) 
~ 1 + tJj(z) 


such 
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or 


Pfzl = ^ 1 - Cl-2X)a3(z) 

’ ^ G(zj l+a)(z:)‘ 


Thus we can write 


P(z) = ^ •'’o 

^Z ^C-1 g(-^^ 


(2.2.10) z^£(z) - c f(t) dt = P(z) g(t) dt 


Differentiating (2.2.10) with respect to z, we obtain 


z‘^f’(z)+cz^"^f(z)-ez'^‘^f(z) = P(z)z‘^'^g(z)+P’(z) t^'^g(t) dt. 


Hence, 


"gu? ‘ PCJ) * set) dt 


C2.2.11) Rc } = Re {PCz)) 


gCt)dtJ 


Now 


(2.2.12) / ^c-1 

z‘^g(z) o 


1 r 1 r.C 


z^g(z) 


[ {Z^ G(Z)}] 


„ -GW 

zl-C[cz‘='iG(z)+z'^G'(z)3 
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GCz) 

cG(z)+zG'(z) 


Since G (z) e S* , we also have 


(2.2.13) 


zG'(z) _ 1 - C1-2B) VCz) 
G(z) ~ ' 1+V(z) ■ ' 


where V(z) satisfies the conditions of lenma 1. Therefore we have from 
(2.2.13) that 


t2.2.14) 


r ^ l-(l-2B)V(z),-l 
'■ 1+V(z) ^ 


(c+l) + (c-l+26)V(z)i-l 
* *■ 1+V(z) ' 


Hence we have from (2.2.12) and (2.2.14) that 


(2.2.15) [ g(t) dt]/z'=g(z) = [(c+l) + (c-l+ 2 e_)V(z) 3 -l 


Thus by using (2.2.15) we obtain frcm (2.2.11) that 


C2.2.16) > Ee{P(z)-X}- 


> Re fPfzl -s> - r “ ^ ■”] 

~ ‘ (c+l)+(c-l+2e) jzj (1-jzp) 

= Re{P(z) - X}[-fc'^^^- !^!-^-‘'tl-2e+c+l+2) - (c+28-1) )z ^ 

[(c+l)+(c-l+28) |zj][l-jzj] 
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. Re{P(z) - S)[ Cc*l)-2C2-e)JzJ - (c*2S-1)|zJ2 ^ 

a-l2|)[(c+l)+Cc+20-l)jzj3 

TTie inequality (2.2.16) implies that f(z) e r(X,g) with respect to the 
function gCz) if the value of r is smaller than the root of the polynomial 


(c+l) - 2(2-$) Jzl - (c+2e-l) jzp = 0 


i.e. , r^ = jzl = 


(2-$) + '^3+$2+c2+23c-2$ 
(c+23-1) 


This completes the proof of theorem 3. Sharpness of the theorem follows -fTom. 
theorem 2. 

As a corollary to this theorem, theorem [H] of Bemardi follows by 
taking 3=0. 

00 

Theorem 4 : Let F(z)»z+ I ^ regular have the property 

n=2 

Re{F»(z)} > 3 for jzj < 1, f(z) = A z^"‘^[z'^F(z)3 ' , c = 1,2,3,... , Then 

2 1/2 

Re{f’(z)> > 3 for jzj < = [-1 + i^ sharp. 

Proof : The proof given by Bemardi for theorem [J] remains valid except for 
the following change. 

(1+c) Re{f*(z)> > Re{P(z)} [(l+c) - 2,Iz|.CPAP(z)-e})^ 

~ 1-lzr , 

or (l+c)Re{f’(z)- RetP(z)-®>ECl+c) - 

1 -|zp 

This result is sharp as is seen by the example, 

F(z) =(23-l)z - 2(1-3) log (l-z). 
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2.3. In this section we prove few theorems on the radius of' 
the class S* introduced by D.J; Wright [67] which forms a 
Theorem 5, ^ £(z) e S* then £(z) convex for 


for 



z < - 


(3-26) - '^5-85+452 


2(1-5) 


Proof : By lemma 4, we have 


1 + = 1 + (l-6)z<j>(z) + za-«)[24'(z]+'^(z)3 

f'(z) • l+(l-6)z(|»(z) 


From above eqixatioh we have 


(2.3.1) Re{l + > 1 - Cl-6)jz| - ^^■■^^l(1^5)^i|}f(y 


But, 


(2.3.2) 


jzc^*(z) + (|>(z)| < jz(}<!>' (z)| + j(!)(z) 1 

1 2 , 


, izi(i-j^(z)r) 


1-2 


(l-lz|[4,(z)}) (|zj+l<!)(z)l) 

(i-UP) 


From (2.3.1) and (2.3.2) we obtain that 


(2.3.3) 


Red . - (1-5)UI - 

(i-lzr 


The inequality (2.3.3) is obtained because of the fact that 
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l-jzjjKz)^ _1 _ 1-,U1 N(z3l-l+lzJ Ucz) l-^lzj liJiCz) j 
l-‘(l-6)]zfT(l>(z)[ l-Cl-5) jzl l<}>(z)| 


Thus, 


Re {1 * > 1 


- (1-5) z - 


Cl-6)i2l(lzj + lK2)l) 


1 - Iz 


1-jzJ - (l-6)jzl(l-|zi)-(l-6)Jz| 

(1 -Ul) 


_ 1 - (3-26) lz| + (1-6) jzl^ 

(1-hl) 


If we write jzj = r and 

P(r) = 1 - (3 - 26) r + (1 - 5)r^ 


then. 


P‘ (r) = -(3- 25) + 2(1-5) r 

= -1 -(2-26) (l-r) < 0 


This shows that P(r) is a decreasing function of . r and further P(0) 
Hence we conclude that P(r) will remain positive for all values of r 
are smaller than the smallest positive root of P(r) = 0. ^t P(r) = 0 


= 1 > 0 . 
which 
implies 


that 
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• ^-25) ±’^9+45^-126-4+46 

' 2 ( 1 - 6 ) 

(3-26) ±4-86+462 

= 2(1-5) 

and the quantity under the radical sign is positive since 
5-86+462 = 1+4(1-26+62) ^ i+4(i_5)2 > q 

Hence the smallest positive root is 

(3-26) - *'5-86+452 
2 ( 1 - 6 ) 

since (9+462-126) - (5-85+62) _ > q , Hence every f(z) e Sg mans 

{jzl < - } onto a convex domain. This completes the proof of 

the theorem. 

As a corollary, we obtain the following result of D.J. Wright [67] 
(which is also due to R. Singh [60] by putting 6 = 0 in theorem 5. 

Theorem ([Singh], [Wright]). If f(z) e S*, then f(z) is convex for 

, , 3 - 

|zl < 2 

In particular, we obtain the following sharp result for fimctions 
belonging to the class S| , when 0 ^ ^ *^ - 2. 

Theorem 6. If f(z) e S* with 0 < 6 < VS - 2, then f(z) is convex for 

, , 3 - 

1^' ^ 2(1-5) 
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and the result 3 ^ sharp. 

Proof : As in theorem 6, we have 

> I - Cl-SlUtWl- tl-S)|zl(l-lzMzMHl^W#Cx)I) 

* “ Cl-|2pHl-Cl-6)|z*W|) 

If we write |z| = r,|4iC2)} = x and 

PCx) = [l-(l-6)rx]^Cl-r^) - (l-6)r(l-Tx)Cr+x) 
i.e., PCx) = (l-r^) [l-2(l-<S)rx+Cl-(S)^r^x^] - (l-6)r[r+x-r^x-rx^] 

= x^[(l-6)V(l-r^) + a-6)r^]+x[-2(l-6)rCl-r23-(l-6)r+r^(l-5)]+[(l-r^)-(l-6)r23 

then , 

P'(x) = 2x[Cl-6)r2 {(l-r2)(l-6)+l}3 + Cl-6)r[-3Cl-r2)] 
and P ' (x) is negative if 

2x[(l-r^)+l3 Cl-63r^ < 3(l-6)r(l-r^) 

The above ineqtiality will hold if 

2C2-r^)r < 3Cl-r^) 

i.e.,; if : 
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uCr) = 3 - 4r - 3r2 + 2r^ >0 

Obviously uCr) is a decreasing function of r and minimuE value of r , for 
which u(r) > 0 ^ lies in the range 1. < r < |- for 

u(i) = 3-2-|+|-> 0 and u(i) » < o 

2 4 4 15 64 

Choose in particular r = 1, then uCr) >0 for all r < - . For this choice 

^ — 2 

of r>P(x) is a decreasing function of x, hence 


Re + -^£'. [ 2 ) ^ ^ 0 


if min P(x) > 0. Thus fCz) will be convex if 


(l-r^) [l-Cl-6)r]^ - Cl-«)r(l-r) (1+r) > 0 


i.e., if, 1 - 3(l-6)r + (l-5)^r^ > 0 

Denote the left hand side of the above inequality by OCr). Then 


O'Cr) = -3Cl-«) +2(1-6)^ r < 0 


Hence Q(r) is a decreasing function of r and so QCr) >0 if 

3(l-i!!) - ’^9(1-6)^ - 4(1-6)2 
X < - - 

2 ( 1 - 6)2 


C3 - 

= ‘ 2 ( 1 - 6 ) ■ • 
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But we again observe that if 5 < _ 2, then X,, ;r < ^ . 


3 - /5 . 1 
2(1-5) -2 

This con5)letes the proof of the first part of the theorem. In order to see 


that this result is sharp, let us consider the function 


f(z) = z and 0 < 5 < _ 2, 


Clearly 


- ll = Cl-'5)|zl 1 (1-5) 


and so f(z) e S* for every 0 ^ 6 1. A further calculation shows that 


_zf'(z) _ 

t'Xz) - 


zf'Cz) + (l-5)z 
fCz) i+(l-5)z 


1 . a-^)z * 


l+3Cl-6)z+Cl-«)^z^ 
= ' l+(l-6)z ‘ 


f3-»^) zF’Cz) 

Hence for z = - 2(1-6) » f ' tz) so this implies that f(z) is not 

3 - /S 

convex in any disc of radius r for which r > 2(1-5) ' 

In course of the proof of this theorem; infact, we have proved the 
following : 

Theorem 7. 1^ f(z) e then f(z) is convex for 


where 0 < 5 < 


2r. 


and r^ is the smallest nositive root of the 
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polynomial ecjuation. 

uCr) = 3-4r-3r^+2r^ 
and the result ^ sharp. 

Remark : Our method of proof fails to give the exact radius of convexity for 
f(z) e S* when r^ < 5 < 1. However, the example fCz) = shows that 

result of theorran 7 is best possible for each 5. 

CO 

2 

2.4. If W = f(z) = z + a^z + I Sjj z^ e S , then in [20] it is shown that 

n=3 

there is a number r^ such that jzj < r^ is mapped onto a convex region and 

> 2 - v^. The lower bound is attained for the class S* . 
o — o 

In this section we investigate how the second coefficient in the 

CO 

expansion of W - fCz) = z + a,z^ + ^ a z^ affects the radius of convexity 

n=3 “ 

00 

of the function W = fCz) = z + a 2 Z^ + £ a^^z^ e sS. The corresponding problem 

n=3 

for the class S* is solved by Tapper which follows as a particular case from 

our theorem by taking 8=0. We further study some of the special cases when 

and 

0 = 0, a 2 = 0 or 0 = ^ These classes possess some special properties{.have also 
been studied by Strodacker [63], Schild [59], Gronwall [19] and others. 

Specially, it is interesting to see how the n'*^^ coefficient affects 
the radius of convexity for fCz) e S| . 

Theorem 8. If^ W = fCz) = z + a 2 Z^ + I aj^z” e S| then ;Uie radius of 

n=3 

convexity of W = f(z) of order 0 is given by the smallest positive root 
of the following polynomial equation. 

(l-0)2-B(l-6)|a2l|zl-[(5+20)(l-0)2+[a2p]|zl^-2[(l-0){a2|C4-0)]N - 

[(l-0)2C5-40)+|a2|2]lz}^ - [(1-0) ^2 j0] |2l5+Cl-0)2ci-20) {z|^ = 0. 
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For special cases the exact value of the root can be obtained. 

00 

Proof, Since W = f (z) = z + ^ ^ S* therefore there exists a 

n=3 

bounded regular function t»)(z) satisfying the conditions of Schwarz’s lemma, 
such that 

n 4 n zf’Cz) _ 1+(1-2$)(b(z) 

fCz) ■ l-w(z)"' 

A direct calculation yields that 

a>Cz) = I a2 + ... 

Write to(z) = z<(i(z) in (2.4.1) and differentiating logarithmically we have 


z 


f"(z) f’(z) 

mzj ' "m 


(l-23)[z(}>’Cz)+(!>Cz)J ^ 
l+(l-2e)z(f(z) 


z<^'(z)+<}>(z) 

i-z^(z) 


2 (1-3) [z(!) 'Cz)+<^Jz)] 
[l+(l-2e)z(J)(z)3[l-z<f.(z)] 


This implies that 


z4i»(z)+(j)(z)] 

[l+(l-23)z<^(z)'l 


From lemma 2 we have 


(2.4.2) Re{l-3+ 


zf"(z) 

f ' (Z) 


} > { 


zf’(z) 

f(z) 


3} 


I 2(1-3)z 

lri-z<|)(z) 


(2.4.3) 


l<{>’(z)l 


^ l.-|<!>(z)P 
- (1 - \z\h 


Hence we obtain that 
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(l-|zi2 


Thus 


I zij)' (z) + ({>(z) 

I Tl - z't' (z) n 1+ (1 -2^) z (z) ] ' 


C!z|+!^(z)l) (l-lzH^-Cz)!) 

Cl- \z\h \l-z^iz) I (l+(l- 23 )z<|,(z) I 


(]zj+ l4)(z) j)]l+z(})(z) } 

Cl - i z 1 2) (1+ j z 1 1 ^ (Z) I ) j 1+ (1 -2 g) z<^ (z) 


Let us write zcjiCz) = t e and investigate the value o£ $, for which the 
following expression attains its maximm. 




I l+z4Cz) j2 _ l+t2+2t cos * 

l+Cl-2B)z?Cz”) l+t2ci-2g)2+2tCl-2g)cos $ 


Differentiating hC^) twice v?ith respect to $ we obtain 

-2t sin${l+t^Cl-26)^+2tCl-2g)cos ®}+2tCl-2B)sin ${l+t2+2t cos 

= - . ' ■ ' • - ‘ '2 ■ ' ' - 

{1 + t2ci-2B)^ + 2t Cl-26)cos 

-4Bt sin $[Cl-t2) + 2Bt^] 
l+t^Cl-2B)^ + 2tCl-2B) cos 


and 


h”C^) = 


-4Bt cos $[Cl-t^)+2Bt^J [l+t^Cl-2e)?+2tCl-2g3cos $]^+4Bt sin2^ gC$) 

{l+t2ci-2B)^+2tCl-2$)cos 


where 
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g($) = 2 [(l-t)^+23t^][l+t^(l-2e)^+2tCl-2B)cos $1. 2t(l-2g) 

From h'($) and h’ ($) it immediately follows that hC$) 
maximum for $ = 0 on the circle lz4i(z)l = t < 1. Hence 

, l+z<|>Cz) , l+lzl i(!)(z)I 

!i+(l-23)z(fi(z) I 1. i+(i-2e)-z{|A(z) I 

Thus finally we have 



(2.4.4) 


Pe{ 


zf’Cz) 

-fCz) 


zf’(z) ?(l-B)(}zj+}<!)(z)})Cl+lz|j4.Cz)j) 

+1-B}> "^^■(l,|2|^)Cl+|z||(^(z)l)(U(i-2g)VK^^^ IT 

= He -ft} - r 2Cl-B)C|zhlKz)lD T 

■ (l-lz|2)(l+(l-23)}zil<t.(2)l)^ 


We wish to show ^hat the expression in the souare bracket on the right hand 
side of (2.4.4) is monotonic increasing with resnect to l<j'(z)j. To do this 
consider 


(2.4.5) g(x) = ^ 11, 0 < r = Izj < 1. 

Differentiating (2.4.5), we have 


g, (x) = l+(l-2B)rx - (l-2e)r(x+r) 

(l+(l-2B)rx)^ 

(1 - r^) + 2Br^ 

= > ^ >0 

' {l+(l - 2B) rx}2 

Hence g(x) is' aaincreasing functinn with resnect to j#{z)|. Hence by 
generalized Schwarz’s iCTima 2, we have 
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C2.4.6} |4Cz)| < < 2a-S)|zl*l42l 

^ -2(l-e)*|a2l|z| 


Applying (2.4.6) to (2.4.4) we have obtain 




2(1-6) + la2llzl 


3 


Re{f:g^l-6}v - 2(l-6).ia2iUl^ _ 

, 2(1-B)|z! + la 2 i , ,2 (l-26)lz|{2lz|(l-3)+|a2l} 

2(1-3) + ia2llz| 2(1-3) + ja2llzl 

(1.6)2(i-1z! 2) izjCia2l+4(l-6)|zj+la2l}zj2] 

[(l-3)+la2li2) + (l-3)lzl2]' “ (1- jz P) [i+la 2 l jz| + (l-23) jzl^] 

NgCl^l) 

DgCiz|) 


where Ng(lz|) and Dg(jzj) are given by the following expressions. 


Ng(lzl) = (l-3)^+Iz|[(l-3)^ia2l-|a2la-e)3 + lzpE(l- 3 )^(l- 23 )- 2 (l- 3 )^-ia 2 p - 

4(1-3)23 + jz|^[-2(l-3)^la2j-la2l(l-B)-4(l-3)ja2!-la2l(l-3)3+lz{'^[a-B)^ 
-2(l-3)^(l-23)-ia2l^-4(l-3)23+)zl^r(l-3)^!a2l-(l-3)|a2l3 
+ lzj6[(l-3)^(l-23)3- 

= (l-3)2-8(i-3)|a2l|zl-[(5+23)(l-3)2+|a2p3lzl2 -2r(l-3) ^ 2 ! . 

(4-3)3izj^ - r(l- 3 )^( 5 - 43 )+ia 2 j 23 !zl^-[Cl- 3 )la 2 ! 33 !zP + 

(1-3)2(1-23) Iz|^. 

and 

%(Izb = [(l-3) + la2l|zb(l-3)lzj2][l-lzp3El+ia2l1z| + (l-23)Izl2]. 

Since we know that W = £(z) ^ S maps |zj ]^r onto a convex region of 
order 8 if and only if 



43 


, (0 < $ < 1 ), 

00 

therefore W = f(z) = z + ■*“ ^ will Bar |zj ^r onto a convex 

n=3 

region if Ngdz]) ^ 0 for |zj ^ r. Hence the radius of convexity of 

CO 

2 r n 

= f(z) = z + a^z + y a z is greater than or eaual to the least positive 

n=3 

root of NgClzj) = 0. This Proves the theorem. 

From the above theorem we deduce the following theorem of Tepper for 

the class S* by taking 6=0. 

^ 00 

= £Cz) = z + a 2 Z^ + \ a z’^ e S* and has the radius 

’ n=3 ° 

of convexity r^ , then 



4^.52 - 


’^2a2 


+ 2a + 


32 + 16 


where a^ is^ real and 0 ^ a 2 ^ 2 . 

Proof. Putting 6 = 0 in the expression Ng(jzj) and taking] zj = r, we have 
M^(r) = l-[5+ja2p]r2 - 8^2^^ - [5+!a2p3r'^ + r^ 


= [l+]a2|r+r^][l-!a2lr - 6r^ - !a2jr^ + 

Hence the radius of convexity for functions of S* is greater than or equal 
to the smallest positive root of the equation 

1 - la2lr - 6r^ - !a2jr^ + - P 


and the theorem of Tepper follow. 
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Corollary 1. If £(z) = z + ^ ^•* ‘then the radius of convexity 

n=3 n 1 ■■ . - - - 

2 /- 

r^ for f(z) ^ greater than or equal to _ "3+2/3 

oo 

Corollaiy 2. If f(z) = z + T a z’^ e S* then the radius of convexity 
- - - _ n=3 "" ° ^ ^ 

r^ ^ greater than 0 £ equal to Vl-l . 
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CHAPTEI^ 3 

Theorems For Univalent a-Spiral Functions 

3.1 In this chapter we study the following classes of univalent functions: 

Definition 1. Let S(o) denote the cUss of functions f(z) = z+a 2 Z+ I 

11=3 

regular £or jz j <1 having the additional property that 

(3.1.1) Re > 0 

for some real a such that jaf 1 . 

Spacek [62] proved that, if f(z) = z + a 2 Z + I regular for 

n=3 

lz| < 1 and (3.1.1) is satisfied, then f(z) is univalent for jzj < 1. 

Functions belonging to the class S(a) are called univalent a-^iral functions 

In (3.1.1) equality is possible only for identity function f(z) = z, when 

a = ±y. Thus without loss of generality we may assume that - ^ < a < — or 
^ . 2 2 

else a strict ineouality holds in (3.1.1). 

Definition 2. ffz) ^ S(a), thOT f(z) said to be tmi valent a-spiral 

fimction of order P , ^ and only if , 

(3.1.2) Re {® ^ ^ ^ 

where 0 < p < 1. ^ denote the class of functions fCz) e S(a)> and for which 

(3.1.2) holds, ^ Sp (a). 

Clearly, Sp(a)SS(a). We identify S^Ca) by S(a) and Sp('G5 by 
, when p = 3. 

Definitions. Let G denote the cl ms of ftmct ions P(z), lAich are regul^ 
for |z l <1, whose real nart is positive and which are noxm^iz^ by the 
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condition P(0) = 1. 

In this chapter we investigate how the second coefficient 3.2 in 
f(z) affects the upper and lower estimates for f (z) . These results are 
stated in the form of theorems . Some known results of Fink^Hit [11] , 
Tepper [65] and others follow as special cases from these theorems. 

322. In this section we shall derive lower estimates of lf(z} | 

and |f ' (z) I . 

Theoron .1. If f(z) = z + a 2 Z^ + J e 5p(a), then 

n=3 


(3.2.1.) Re{ 


ze 


io 


- [2(l-p) (2p-l)cos alzp+ 2 |a 2 }p|z j+2(l-p)cos a] cos a 

fC'z) ^ " - - - “ 

2(1-p)1z| 2 cos a+2 |a 2 I jz (+2(1-0)005 o 


Proof : Since f(z) c Sp(o), therefore there exists a regular functiim 
(j)(z) which satisfies the conditions of Schwarz’s lemma and is such that 


(3.2.2) 

From (3.2.2) 


zf’ (z)sec a a = 

f(z5 i-ci)(z) 

, we get by direct computation 


«0 


<0 


(i)(z)[2(l-p)z+ X {n+i(n-l)tan a+(l-2p)}ajjZ^ - J 
n=2 n=2 


€ G . 


(n-l)(l+i tan a)a^z” 


Thus we obtain 

1 a fl+i tan 

<^(z) = ja2(- V )z + 

This implies that m’ ( 0 ) = j . Hence, by using the gmeralized 

form of Schwarz's lamna, we get 
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(3.2.3) 


(ja2|+2Cl-p))2j 

cos a) I z 1 

“(2)1 < - , . _ _ 

2(l-p)cos a+ja 2 }lzj 


From (3.2*2) we have 


Re “ - 1 

£(z) 


tan a-p} = Re{ (l-p)' 


= (1-P){^ } 

|l - £0(2)12 


( 2 (l-p) Izicos a+|a-{) jz{ 
2 (l-p)cos a+ja2)|zj” 

- (2(l-p)|2'|cbs a+)a2])|z| 

2 (l-p)cos 0+1^2! |z{ ' 

Hence 


„ . ,e^“zf'(z), r 
Re { '} > ( 


2(1-p)^(1-1z| 2) COS Cl 


2 (l-p)cos a+2|a2| 1 z!+2(1-p) jzp cos a 


+ p] cos ct 


^ [ 2 (l-p)( 2 p-l)lzi 2 cos o+2|a2lp|2|+2(l-p)cos cx]cos a 
r 2 (l-P)lz |2 cos 0 + 2 {a2} Iz 1 + 2 ( 1 -P)co 5 o] 


This proves (3.2.1). The following example shpws that the result of the 
theorem is sharp. 

Example : Let 

(l-p)cos o ^(l-P)e"^“cos a 

f(z) - z [ a-a2Z+(l-p)z2 cos o] 

where 0 ^ a 2 ^ 2(l-p)cos a. 

We need to verify that £(z) e ^^(a) 



48 


By differentiating f (tj logarithmically with resnect to 2 , we 

obtain 


f • (2) . 1_ 
f( 2 ) 2 


e~^“(l-p)cos a[2{l-p)z cos 
(l-P)cos a-a 22 +(l-P)cos az^ 


Thus we get 




(l-P)^(l- 2^)005 a 


(l-p)cos ct-.a 2 Z+(l-P) 2 ^cos ct 


This implies that 


_ ’ fZe^ T * C23 sec a • t /-•% ^*\2 

Re 1 '" £(2^ -1 tan a'"p} /(l*pj cos 


2 — 2 

. (l-z )((l-p)cos a-a2Z+(l-P)z cos o) 

s Re {" - - ’ - - - - . 

l(l-P)cos «- a2Z+(l-P)z^ cos ®1^ 

(l-|zp)((l-P)cos a(l+)z|^)-a2 Re tz)) 

, |(l-P)cos a-a2Z+(l-P)z^ cos 

(l-IzF)(l-P)cos a(l -2 Reiz) +jzp) 
l(l-P)cos a-a^z+Cl-P^cos oz^P 

This verifies that f(z) e Sp(a). Fe fiirther obtain 


(3.2.4) 


.e^“zf ' (2) 
^ • f(z') 


Cl-p)cos n-PB 2 Z+(l-P)C 2 p-l)z^ cos a 

- i sin a) sec «= - - « ' 

(l-P)cos «-a 2 Z+Cl-P}z'‘cos o 


Clearly (3.2.4) implies equality in (3.2.1) for z real and negative. This 
establishes the sharpness of the theorem 1 and so the proof is complete . 

From theorem 1, we obtain the following result of Finhelstein [11] 
as a corollary by taking ot = 0 = p in (3.2.1) » 
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■^eprem 

Iheorem 

where j 
Proof : 


or. 


Thus 

C3.2.53 


[Flnkelstein]. u f(z) = z * ajZ^ * j a z" z S*(01, 


then 


na3 


l+|a2l|z|+i2l^ 


2. If f(z) = 2 + a2 z + I z" e S (a) , then 

n=3 ^ 


z = r. 


|f(z)| 1 Izl U - Cl-P)cps a _^l_p i.r tan a 

.(1-P)r2 cos a+:|a 2 lr+ Cl-P)cos a '4+r''-^ 


.i6 


If z = re , then from (3.2.2) we have 


.ie. 


Re {re^“ |~iog {fCrep}}= Re' ' (?) j _ cos « 

re 

^ cosa[2(l-P)(2P-l)r^ cos o+2rpia2l+2(l-P)cos «] 
2(l-p)r^ cos a+2ja,lr + 2(l-p)cos a 


_ COSd. 


^Ir l)cos a- r 1_ {arg(^^^^) }sin a 


2(l-P)(2P-l)r^cos a+2la.,lPr+2(l-P)cos « 

> cos a[ - - - 2. 

2(l-p)r^ cos a+2 ja^lr+2(l-p)cos a 

-2(l-p)r cos a[|a 2 l+ 2 (l-p)r cos «] 

2(l-P)r2cos a+2|a2lr+2;(l-P)cos a 


- 1] 


(l-p)r^cos a+}a2jr +(l-p)cos a 
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Integrating (3.2.5) between the limits r=0 and {z{=r<l, we obtain 

log a fl („g( fCre«) 

re^e 

> -Cl-p)log [ cos «+la2lr+Cl-p)cos « 


(l-p)cos a 


Taking the exponents, we get 


(3.2.6) 


jfCre ®) j ^ j. _ (l-p)cos a j (l-p)gO(T,e)tan a 

^ (l-p)cos a+ja2|r+(l-p)r^ cos a 


where O(r,0) = |_ {arg( fC?). )} ar. 


Now we shall compute the quantity 0(r,e), 


0(r.e) = arg {«f ) dr . [arg { )]" 


arg ( ^ ) - arg 1 = arg ( '^ ) 

re^® re^® 


aiei 


But it is wellknown that ([20],p.l39) 


(3-2.7) -log ( ) < arg ( ^ ) < log ( ) 

tiro 


Hence from (3.2.6) ahd (3.2.7) we obtain finally that 


V ^ ^ J ^ n 2 h 1 expC-tan o log (J*p] 

^ (l-p)r^ cos o+Ia,|r+(l-p)cos a i-r 
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. .19916 


'C 


which proves the theorem. 

From theorem 2 , we obtain the following result of Tepper [65] which 
turn includes a result of Finkelstien [11] by taking a = o. 


in 


[Tepper]. If f(z) = z + + I a z'^ e p* then 

^ n»3 " P " ' 


|f(z)l > Ul [ 


Cl-P) 


(l^p)lzP + M\z]* (1-p) 


(1-P) 


Theorem 3. ^ f(z) = z + a2z2 + I a^z" belongs ^ the class S-Ca), thei 

n=3 “ ^ 


then 


(3.2.8) |f ‘ (z) 


{2(l-p)cosa^ *^cosa[ (l-p) ( 2 p-l)r 2 cosa+p(a 2 (r+ (l-p)cosot] 


{' Cl-p)r^cosa+ la^jr+ (l-p)cosa}2-P 


Proof : Frcffli theorem 1, we have 


tzf'Cz), ^ „ .yV'(z), 


(3.2.9) 


f(z) 


f(2) 


[2(1-P) (2P-l)r^cosoi +2{a2lpr+"2(l-p)cos ct]cos ct 
[2(1-P)r^ cos a+2|a2lr+2(l-P)cos u] 


while from theorem 2, we have 


ff 'i 2(l-P)cos a , 

(3.2 .10) I - --j > [ jr ■ Y i" ] exn[-tana logf.^^)] 

z ' — ^ 2(l-p)r2cos a+2|a2|r+2(l-p)cos a"^ ^ ■'■l-r'^"^ 


Using (3.2.9) and (3.2.10) together, we get 


if'wi - I 


{2(l-p)cosa>^‘^[2(l-P)(2p-l)r^cos cw-2 {a,lrP+2(l-P)cos a]cos ct i.r tan a 

“* « t f 2 0 

(2C1-P)r2 cos «+ 2(a2tr + 2(l-P)cos a) 
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This completes the proof of theorem 3. 

If we take a = o in (3.2.8) we get the following result of Tepper 
which includes in particular a result of Finkelstien for p = 0 

Theorem [Tepper] . If f(2) = z + a + T « u i .. ^ , 

- i. r. . j — I.ZJ z + S. 2 Z + I a^z belongs to the cl^s S (0) 


n=3 


1 . e . ^ to S* f then 


C3.2.11) ifwi> 

['(1-P)r2+ la2lr+ Cl-p)]2-P 

3.3 In this section we shall obtain some upper estimates of |f (z) | , 
Theorem 4. jy[ f(2) = 2 + 322^ + ... e S (a) then 


(3.3.1) Re 1 


2 

cos a+ 1 82 j |z j+cos a Jz] {l-2p) 
(l-|z|2) 


Proof : As in the proof of theorem' 1 , we have 


zf ’ Cz)ei«sec a _• ^ 

fCz) l-a(z) 

and 01 (z) = j ^2^ ^ z + ... . 


Hence we have 


■ e^°zf ’ fzV < ft nA 

^ ' f (z)‘ ' ^ sec a-P} = (1-P) Re ^i_oj(z) ^ - 1- “Cz) : 


•I ' 


(l-P)lz cos “+!a2l lzi+(l-P)cos a 

< - . - --- ■ . 


(l-lzr)cos a 
zf ’ j^z) t f ^ -2P)cos « I z 1 2 + }a2 n z 1 +cos o] 

(l-fzl^) 


la 

Re ^ f(z) 
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This establishes (3.3.1). The following example shows that the theorem is 
sharp. 

Ex^ple : Let 


1- a 


f(z) = Z [ -1 cos « i-z 2 

1-z 1+z -> 

where 0 ^ ^2 ^ 2(1 -P) cos “. 

Differentiating logarithmically with respect to z, we obtain 


f'{z) 1 E-a-e"^“+2e"^“2(l-p)cos a] 

't'(zy “ “ -‘ 2 ; ■ ' 

(1-z^) 

This gives us 


ftia-f.f--* (l-2P)cos a z - a, z + cos a 

- -i sin a = - -- . ^ . 

Hz) 


This verifies that equality in (3.3.1) holds for real negative z. Mow we 
shall prove the main part that f(z) is a member of Sp(a). From above we have 


C2)SK » .1 tan a-p 
f(z) 


2^[1-2p+p]cos a-a2Z+Cl-p)cos a 
(l-z^)cos a 

(l-P)cos a z^ - 32 z + (l-p)cos a 
(l-z^)cos a 


Thus , 


-i tan a-p} > 


(l-IzP)(l-P)cos a(l-2 ReEzJ +|zP) 


ll-z^!^ cos a 


(l-|z|2)(^-p)cos a(l-|zi)| > Q 
jl-z^p cos o 


Hence f(z) e Sp (a) 
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'^eorem 5. ^ £(z) = z + a^z^ + ... belongs ^ the class S-Ca), then 


ifwi i 1*1 

1“ Z 


l+‘z 2 ci+tan ct 


1-UP 


x 0 

Proof : Taking z = re , and using (3.3.1) we get 


rjcosa {arg(^f^.®p.}sin a]* [Re 

ro 


i9. 


r^(l-2p)cosa+|a~)r+cos a 


- Cl-r2) 


- cos a 


rC|a 2 l+ 2 (l-p)r cos o) 
(1-r^) 


Hence^we have 


.i9^. .V ^r_,ie^ {|a 2 j+ 2 (l-p)cos a r)sec a 


h logU&pl- |-(arg(«-"h,tan « < 


3r ”■ i0 
re 


“ rei® (l-r)(l+r) 


Let us write 

la 2 lsec a+2(l-P)r = (A+B) + (A-B)r 


where 


(3.3.2) 


and 


(3.3.3) 


A = l[}a-j+2(l-p)cos ajsec a 

2 ^ 


B = ^la 2 } -2(l-p)cos o]sec a 


Thus, we have 
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C3 


re^® - 1-r l+r 


Integrating (3.3.4) from 0 to r < 1, we obtain 


log " ^ l - Carg ^>)tana < log{(l+r)®/Cl-r)^‘} 

Xw 

Taking the exponents, we get 


(l-r)A 


lf(re^®)| < r [ ] exp [tana arg 

re^® 


From (3.2.7) we have 


lf(re^®)| < r-C^tr) 


B+tan a 


A+tan a 


(1-r) 

Now substituting the values of A and B frm (3.3.2) and (3.3.3) we have 


I i9 I 1+r Tla^lsec a+tan a i n.p-i 

if(re^®)l < r 6 ^^^' 2' 

- 1-r 1_3.2 


This completes the proof of theorem 5. 

As a corollary to theorem 5, we get the following theorem of 
Tepper [65] which in turn includes a result of Finkelstein [11] for p = 0. 

ce> 

inieorem [Teppet] : ^ W = f(z) = z + a2Z^ + J a^ z^ e Sp(0),i.e., star like 

function of order p , then 


n*3 
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• I£ W = f(2) = z + + I ^ s^(0) i. 


starlike i^ction, then 


1+ 2’ ,21^21 


|fwi il^l [ ”,' ] 


tl-|z|2) 


Theorem 6. 


— = fCz) * Z + 3 2 ^ + J 3 2 " belongs to the class S (a) 

n=3 ' ' '■ ' P 


Ifftll < r^^^"P^^°®“*f^*|l*2p|)|a2z|+2(l-p)Il-2plj2p cos ot 

' - “ - _♦ sin ah X 

2(l-P)(l-lz|2) 

, ,, 1 ,1-p , 

■‘tc-q-p) cr.:,^) ] 

Proof : Since P( 2 ) e G, we have 


“ i-l^uCz)! 


2(l-p)cos a+(l+{l- 2 pl)|a 2 l Izj+2|l-2p|(l-p)|zj2 cos o 
2(1-P)(1-1z|2)cos a 


Hence 


rzfTz'^r 2(l-p)cosa+(l+jl-2p|) la^j |z|+2(l-p)fl-2pizPcosa , 

(3.3.5) - ^ ^ >l tana|]cos a 

^ ^ 2(1-P)(1-|z|2)cos a 


By using (3.3.5) and theorem 5, the result of the theorem follows. 

Incident ly, we have also proved a bound for ’^ich we state 


as a corollary as follows. 
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CPFOllra- If f(z) = z + a 22 + J a z" 


2 r,Zx belongs to the class S 


(a) then 


2C1-p)(1-|2|2) 


COS a 


sin aj] 


FrPM corollary, „e deduce the foll„„la, thaoren, of Fxrlcelatein by talcirg 


p = 0 = a. 


I?^®?T®”?,.tfiJ^J<^elstein 3 : if f Czl = z +a 7 ^ 4 . Y n 

- 2 +a2Z + 2 a z eS^(O), then 

nsrS O 
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CH^TER 4 

Theorem For Univalent a-Spiral Functims 

■ ■ ! 

4.1. In this chapter we study the coefficient problem for univalent a-spiral I 

* » 

functions of the form fCz) = z + I and f(z) = z + I a z^. We 

^=2 nsk-t-l 

derive from theorem 1 of this chapter, the truth of Bieberbach's cwijecture 5 
for the coefficioits of normalized univalent a-spiral functions. Infact, we 
obtain l®nl 5.^ ® ^ “ 2,3,4,..., which gives a better estimate 

for the coefficients than that obtained by Spacek [62] . This evidently implies 
that if a«±|^ then the only normalized a-spiral ftmction is the identity 
function f (z) « z. Further, the equality, ja^j = n, n > 1 > is not possible 
for any regular normalized univalent a-spiral function for which a 4 0 • The 
proof of this theorem involves the use of Herglotz's theorem [1] and is more 
direct. Some coefficient estimates have recently been obtained by Libera [32] 
also, by using Clunies method [8]. Recently, MacGregor [36] has generalized 
a theorem of Golusin [15] for xani valent starlike functions of the form 

09 

£(z) = z + T a z^. He further remarks that the same theorem remains true 

n-k+1 " r n 

for univalent a-spiral functions of the form f(z) = z + I \ ' Here 

n«k+l 

we obtain a more refined coefficient estimate for this class of univalent 

o-spiral functions. We also discuss the growth of f(z) = z + X z e S(a). 

n=l 

We conform to the same symbols as in chapter 3, and start by proving a few 
lemmas which we shall need. 

Lemma 1. I«t 

00 . 

f(2) = I v” » ^ ^ 

n=l 


(4.1.1) 
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M?SS H P ^defined by 


(4.1.2) 




Then , for 0 ^ x < 1 


(4.1.3) /f If(re^®)P Re{F(re^®)}de = 2Tr A^(f) cos a 

and 


(4.1.4) /^^l£(re^®) Im {F(re^®)} d6 = 2Tr A^(£) sin a 

is the area enclosed by the image of jzj ^r ^ f. 
Proof : Fix, 0 £r < 1, Since f is univalent we have ([20],p.2) 

€0 

(4.1.5) 2v A (f) = 2v J 

^ n«l 

iB 

With z » re , Parsevall's theorem shows that (4.1.5) is also equal to 

(4.1.6) [?tzT zf'(z)3de = /^"lf(z)P e-^“F(z)de = 2v A (f) 

o O • 


Hence, from (4,1,5) and (4.1.6) we have 

(4.1.7) 2ff A (£) » [cosot Re{F(z)}+sin a Im{F(z)>] lf(z) pde 

' r o 

and 

(4.1.8) 0 a / [-sin Ct Re {F(z)}+cos a Im{F(z)}]lf(z)| de 
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The equations (4.1.7) and (4.1,8) together imply the result of lenana 1. 

00 

2. Let^ £(z) « a^2”,U| < 1, belong to the class_ S(a) and {s^} 

be the sequence of complex numbers defined by 

(4.1,9) Sj^(t) * I for n = 1,2,3,... . 

k»l 

TTien 


(4.1.10) 


/2^1s^(t)pdp^(t) 


** ry 

I k|a. r cos a 
k=l ^ 


i®. £, non-decr easing ft cnc tion such that 
(4.1.11) /^’^|dP^(t)l <1. 

I^ojF : Let F(z) be given by (4.1.2) and Vi£(t) satisfy (4.1.11). By 

Herglotz's theorem ([1], p.47), we have 


(4.1.12) 


Re{F(z)> » ....... y 'l l du.(t) 

° ll-ze-itp ^ 


Hence for fixed r, 0 < r < 1, we obtain with the help of lemma 1 and (4.1.12) 


00 Tl 


" nia J2 


2>r Zr^ Zkkr-a’ I ‘ • 

n»l k**l n=l (l-r'^) 


l!!.^ Sg.®. /2’f|f(re^®)P Re{F(re^®)}de 


1-r 


d>.fCt)3ae 
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ie. 


sec c /f aei..,Ct) 


= sec =. [/f I I 

0 


2''^rr2ift r n -int 


0 I Z z e s Ct)rd6]dvi.(t) 
n=l “ ^ 


= 211 sec a/^^l I Is (t)|^ r^^]dy.Ct) 
n=l " * 


The desired result of lemma 2 follows on comparison of the coefficients of 
powers of r on both sides. 

Lemma 3. We have 


q-1 


m-1 


m-1 V=0 k Vk+2(l-P)cos2a 




q-1 

2 (q-1) 2 p=o 


Vq+2(l-P)cos2a 


where 0 ^1 , a ^ real with |a| £— and q = 2, 3, 4, ... . 


Proof : First of all we will verify the lemma for q = 2. Tlius for q = 2, 

i . e . , for m = 1 , we have 


4C1-P) cos'^a [Cl-p) + 0<+l-p){ \ 


2(l-p)cos'^a 1 2 


cos a 


} 1 


[0c+2(l-P)cos2a)2 + 4(l-p)^cos a sin a ] cos a 




k + 2(l-p)cos o 
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= [k n (y+ 

Wk + 2(l-p)cos^a 


Hiis verifies the lemma for q ~ 2. Now assume that the leimna is true for 
m= 1,2,3, ,q-l. Then 


q-1 

T-ri 


m-1 


4(l-P)cos^a[(l-p) + ( I + I ){(ink+l-P)[-i n (p+2A-R}cos ^ j 

■ ii=* ^ 


m=l m=q vi=0 

L 

C^,. )^)^]^}] =s [4(l-p)cos^a qk + + 4(l-p)^ cos^a] 

Vk+2Cl-p)cos2a 


[ 


1 ift-PJ-s.?. Pi-' », 2 , 2 j 2 

V=0 ^ Uk+2Cl-P)cos a 


Uk+2Cl-P)cos 

2„ 


= t ^ ■ S (V* ?.Il-P)cpA,, „ . ( ?A:?.)^s ,» s,ln ",2,2,2 


q> 


y=0 


yk + 2(l-p)cos a 


Thus if the lemma is true for m = 1, 2, 3, ..., q-l,it is also true for in=q. 
But we have already verified the truth of the lemma for m = 1. This completes 
the proof of the lemma. 

Next we state a lemma due to Hayman ([21] ,p.40) and derive some of 
its consequences which we shall need. 


Len^ 4 [Hayman] : Suppose that 


(4.1.13) t|/Cz) = 1+ I b^z" = u+ iv 

n=l 

is^ regular in the disc jzl < 1 and u > 0 there, 'pien the limit 

(4.1.14) A(e) = lim (J'J)T|;(re^®) 

r 1 

exists . The set of distinct values 6 = 6^ in 0 <_ 0 < 2v for which 
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“v * ^ ® “y > 0,. i: < 1 


Further ,we have 


(4.1.15) lim (1-r) I [b | ^ r^" = 2Ea 

r -> 1 n=l ” 


Infact , the above lemna inqilies that 


(4.1.16) lim (1-r) I |b r*^ = 4 ra ^ 

r 1 n»l 


If instead of (4.1.13) we choose the function 


F(z) » + I u z” 

n=l 

which is regular in (zj < 1 and for which Re{F(z)} >0, then 
A(6) = lim ■ {(f3(F(re^®)-e^“+l)} = lim{ (J"’^)F(re^®)} 

r 1 l+i* I 1*T 

and 

1 /'^|F(re^®)|^d0 = ^ /2^[F(re^®)-e^“+lP de = 1 + I lu 

2 v o Z 1 I o jj _2 “ 


and so by lemma 4, we have 


(4.1.17) lim (1-r) I |u^|^ r = 4 J:ay 2 

r ”»• 1 n=l 


where a^'s have the same meaning as in lemma 4. 


2 y2n 
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4.2. In this section wo shall prove the following : 

00 

Iheorem l.IffCz) » z + I z^ e S(oi3, then 


n*2 


n-1 


(4.2.1) (n-l)2la^|2 < 4 cos^a [1 + f kja, 1^]/ n = 2, 3, 4, . .. . 


k=2 


Proof : If 


ia 


F (2) m « i. U + y u 

^ ^ 2 0 n 


where ■ 2©^® and jzj < 1, then it can be easily seen that the coefficients 
of F are linked to those of f(z) by the following system of ©qiiations 


(4.2.2) 


n 


0 \(n4l) . ; aj = 1 


Now, for 0 £r < 1 and n » 1,2,3,..., we have ([64],p.86) 


(4.2.3) 


e“^^® Re{F(re^®)}de 


Since Re{F(z)) > 0, by Her.glotz's theorem ([1], p.40) there exists a non- 
decreasing positive function PfCt) defined on the closed interval [0,2w] 
such that 


(4.2.4) 


FCz) * fT dUn(t) + i sin a 

O 4 4* ■ X 


Since F(03 « , (4.2.4) implies that 


2^ 


cos “ » du£(t) 


(4.2.5) 
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Hence by ( 4 . 2 . 3 ) and ( 4 . 2 . 4 ) we obtain for n > l 


iru (l-r^)dV£Ct) 

n 'o ^ ■'o " — -■ — 


— } de 

li ,..--it !2 


2Trr^ dn-(t) 


Therefor©^ for n ^ 1 


( 4 . 2 . 6 ) 


u * 2 du«(t) 

no t 


From ( 4 . 2 . 2 ) and ( 4 . 2 . 6 ) we have 


( 4 . 2 . 7 ) 


a^(n+l) ■ ^ ®]c dv£(t) 


^ .2v ^-int. r „ , ... 

■ 2 / e (2, aj^e )dn£(t) 
° k*l 


. 2 s„(t) dy£(t) 


Applying Schwarz's inequality in ( 4 . 2 . 7 ), we obtain 


( 4 . 2 . 8 ) (n+ 1 )^ < 4 {/^^ dP£(t)>{/p’^!s^(t)P dV£(t)} 


From lemma 2 and ( 4 . 2 . 8 ) w© finally have, with = 1 


(n+l)^}©-!^ <4 T klatfl^ cos^a 
“ ifSi ^ ' 

IS* **» 


n -1 

4 I k 
k*l 


^ cos^ o + 4n|a^l^ cos^ “ 


from which ( 4 , 2 . 1 ) follows. 
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From theorem w© get an important result which provides a sharper 
estimate for th© coefficients than the estimate |a^! < n obtained by ^pa^ek 
[62] for the class of univalent a-sniral functions. We state the result as a 
theorem. 

00 

Theorem 1’. If f(z) ■ z + I a z” belongs to the class S(a] then 

n»2 " ‘ ■ 

(4.2.9) la^^I £n cos a for n » 2, 3, 4, ... . 

Proof : That (4.2,9) holds for n » 2 is evident from theorem 1. Suppose 

(4.2.9) holds for n * 2,3,...,m. From theorem 1, we find that 

_< 4[1^ + 2^ + 3^ + ... + m^l cos^a 
m(m+l).2 _2^ 

« 4 ( — COS Ot 


Hence, ± (m+l)cos a . 

Thus (4.2.9) holds for n « m+1 also. Hence by induction it holds for all 
n « 2,3,4 , . . , , 


An inqjortant consequence of (4,2.9) is that, if|al = y then 
i.e., • 0 for n » 2,3,4,... . This implies that in this case the only 

univalent a-splral function is the identity fimction f(z) = z. With a 
slight modification in (4.2.9) one may prove that if lal = | . then in general, 
the univalent a-spiral function f(z) for which f(0) = 0, has the form 
f(z) « a^z , where a^ is a constant. 
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Theopm 2 : U fCz) = z * I z" e S («), then 

n=k+l P ■' ' 


-7 |2 r ^ 2(l-pjcos\,. f2[l-^)cosasina.2,2,2 

‘ n=Ll ' k •■— ’'nwa.p,cos2c,^ ‘ ’ 


m-l 

n < 
v=o 


and 


n=mk+l n=0 Wc+2(l-P)cos2a 


m-l 


^oof : Since fCz) e SpCa), therefore there exists a bounded regular function 
ta(z) such that w(0) = 0 and Im(z)I < 1 and 


(4.2.12) -i tan a = I,'*'. 

1-uCz) 


By direct computation we have 


(4.2.13) 


1c ic+i ^^k+1® ere 

£i)(z) = b^z*' + b^^j z^ ■^+..., where bj^, = • '■ ^ 


k ~ 2(l-p)cosa 


Write (4.2.12) in the form 


(4.2.14) ( T b_z") (2 (l-p)z cosa+ I (ne^“+e"^ - 2pcosa)a^z")=e^“ I(n-l)anZ^ 

n-k n=k+l n=K+l 


Equating the coefficients of z^'*’^, z^ ^,...,z2^ in (4.2.14) we obtain 

la 

(4.2.15) 2(l-p)b^ cos a = ^ Sn+i ® 

for n = k+1, k+2, k+3,...,2k. 

.Since |m(z)| <1, it follows that I 1. therefore 

■ ' "* n*k 



Hence, from (4.2.15) and (4.2.16) we find that 


2k 


(4.2.17) I (n-D^la cos\ 

t- .1 41 


.2 _ 2 


n=k+l 


We rewrite (4.2.14) as follows 


n-k 


(4.2.18) t e^“(n-l)a^z’^+ I d^z”*(o(z) [2(l-p)z cosa+ I {ne^“+e^-2pcosa}aj^z“3 
n«K+l n=p+l n=k+l 


The constants d^ occuring in (4.2J.8) are determined by the identity (4.2.32). 
Now following the method of Cltmie [8] , we obtain that 

f (n-l)2ja„|V"+ I |d I^r^<4r^(l-p)2cos^a+ |ne^“+e^®-2pcosap 
n=k+l n»p+l n=k+l 

Making r 1, finally, we have 


p-k 


(4.2.19) f (n-l)^la |^<4(l-p)^cosV 7 |ne^“+e'^®-2pcosa|^}aj^P 

n=k+l n=k+l 


Simplifying the quantity under the modulus sign on the right hand side of 

(4.2.19), we obtain 




(4.2.20) I (n-l)^ja p < 4(l-p)^cos^a+ T {(n-1) +4(l-p)(n-p}cos a>laj^l 
n«k+l n -- n=k+l 


P:^ . ,2, . ,^2,. ,2 


X 4(l-p)cos^a[(l-p)+ I (Ti-p)laj^l^] + I 

n=K+l n=k+l 

Now by induction, we shall establish the inequalities (4,2.10) and (4.2,11). 
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For m * 1, (4.2,10) can be written as following. 

f < [k , (2tl-plco? “)2}T]2 

n=k+l 2(1 -p)cos 2 a 

* 4(l-p)^ cos^ a 


which evidently follows from (4.2.17). Thus the inequality (4.2.10) is true 
for m » 1. Assuming it is true for ra * 1,2,5,..., q-1, we have from (4.2.20) 
that 


(q+l)k o 0 9 qk 

I (n-l)^la p < 4(l-p)cos a [(l-p)+ 7 (n-p)la^p] 
nssqk^l n=k+l 


q-1 (m+l)k - 

«* 4(l-p)cos^ a[(l-p) + Z f 1 

msl n=mk+l 

o M.1 .1 X . (m^l)k A n 

4 4(1-P)cos 2 at(l-P) + I I (n-D^ja p}] 

m^k^ n=nik+l 


< 4(l-p)cos 


2 k/1 2(l-p)cosV' . 

^a[(l-p)+ I (mk+l-P)<^ n (v+ - ^ ' ■)(1 + 

“• V =0 


m=l 


yk+2(l-p)cos^a 

The last inequality is obtained from the hypothesis on (4.2.10) from m =1,2,3,. 
..,q-l. Finally, by using lemma 3, we obtain 

n4k.l' ’ " Zo ^ VIc.2(l-p)cos2 „ 


This establishes (4. 2 •10). 
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For proving (4,2.11), we note that for m « 1, the inequality 
(4.2.11) takes the form 


2k 2 

(4.2.21) I (n-p)la l2<(k+l-p)[2Cl-P)cos « j2^k+l.p ^ ^^2 ^^^2^ 

n=K+l " ^ j^2 


Now we shall show that (4.2.21) actually holds. From (4.2.17) we have 


(4.2.22) (n-p)la 

n«k+l " k^ n=k+l^^*^ PJ " 


< mp. ^ Cn-I)2|a 


k n»k+l 


< IH+l”?.). 4(l-p)^ cos^ 


Thus we get (4.2.21). Next, assume that (4.2.11) is true for iff=l,2,3,...,q-l, 
then we obtain 


(q+l)k 2 

(4.2.23) I (n-p)|a P 
n»qk+l 


Ia„|2 

Q^k^ n=qk+l qk+l-P 


, , (a+l)k 
^*}:±. ■ I (n-1)' 

q2k2 n=qk+l 




From (4.2,10) and (4.2.23), (4.2.11) follows f or m = q. Thus by induction 
the truth of (4.2.11) is established, since (4.2.11) holds for m = 1. This 


completes the proof of theorem 2, 

As direct consequences of theorem 2, we get the following mam 
results, which we state as theorems in view of their importance. 
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00 

Theorem 3. f(z) « z + T a z^ e Sp(a), then 

n»k+l “ 


(4.2.24) la I <- n 

' n' - (n-l)(ni-l)! k W+2(l-P)cos^ ^ 


2^2 


where mk+l < n <(in+13k, m = 1, 2, 3, ... . 


l^eorem 4. jUf f (z) « z + 1 is^ univalently regular function 

‘ n=k+l 

of order P for jzj < 1, then for mk+l ^n < (m+l)k,m=l,2,3,.,., w have 


(4.2.25) 


m-1 


la 1 < k 2(l-p), 


y =0 


Theorem 4 follows immediately from theorem 3 by using the wellknovm fact that 
f(z) is convex of order p, if and only if, zf'(z) is starlike of order p. 
4.3. In this section we shall give some applications of theorems 4 and 5. 

(a) Taking ci « o and P = 0 , so that f(z) is starlike, we find that 

following theorem of MacGregor [36] follows as a corollary to theorem 3. 

00 

Theorem [MacGregorJ . Ijf f(z) = z + J is regular, univalent and 

. n=k+l 

starlike for | z | < 1 , theja 


a 

n 


m-l 




where mk+l ;< n £Cm+l)k, m = 1,2,3,. .. . 

(b) Taking p > 0 in theorem 4, the following result of MacGregor [36] 

follows ; 

2l®?£®ra.,feGrB : ]£ f(z) = z ^ \ ^ univalent , _ regular 

and convex for Izj < 1, then 
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II k 

-nCn-l) (in-l)r \ Cw+ |.) 


y=o 


where mk+l ^(in+l)k, m = 1,2,3,... . 


(c) If we take P = 0 and k = 1 in theorem 3, we get the following theorem 
of Zamorski [69] . 

CO 

Theorem [Zamo^ : H fCz) = z + I a z^ e S (a), then 

n=2 ^ 


a < 

I n' - 


Ize^^^cos® + y| 
y=0 u + 1 


(d) If we take a b 0 and k = 1 we get the following theorem of Robertson [52] 

which has also been obtained by Schild [59] recently. 

00 

Theorem [ [Robert£^^ : If f(z) = z + t Sp(0) thra 

n=2 


1^1 


n 




H (y-2P) 

y=o 


(e) More generally, if we take k = 1 in theorem 3, the following theorem 
of Libera [32] follows. 


Theorem [Libera] : 11. “ z + I e Sp(a), then 

, , l2Cl-P)cosa e"^“ + v\ 

!®nl 5. n ; n = 2,3,4,... 

" y=0 y + 1 


Fox k a 2 , theorem 3 , yields that 


(4.2.1) ja j <^1-- n {vi^+2Cl-p)V cos^a+Cl-P)^ cos^a) and 


*2n.l I 


(4.3.2) la 




2n+2' ~ fai+irtn:!!! ■ v^o 


n {y2+2(l-p)cos^ct +(1-P) cos a) 
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If we take k - 2,p = 0 and a o in (4.3.1) then the following estimate 
due to Golusin [15] follows. 

Siuiilatly, if we take p = 0, ct = o and k = 2 in (4.3.2), we get. the follow 
ing result of MacGregor [36] 



< 2n 
“ 2h+l 


4,4 In this section we shall prove a growth theorem for f(z) e S(a). 
Theorem 5: If f(2) e S(a) th^ 

i6 

log |-lfe. -l|du^(e) = 2 cos ola^ log (^J.^^) 

as r ^ 1, wh ere o^^'s are defined as in l^na 4. 

Proof : Using (4.2.1) and (4.2.6), we obtain for every r, 0 < r <1, 

2/^'^F(re^®)dy^(0) * 2 ^ dPf(6) + I 

11=1 

» 2 e^“ du£(e) + I u^ r" e^^® dji^CO) 

n=l 

* 26^*^ cosa + I lu 1^ r^ 
n-1 

Hence 

w 2 

(4.4.1) 2 Re{F(re^®)- cos a>dv^(e) = 7^" 

and 
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(4.4.2) 2 Iin{F(re^®) - sin a}dy^(0) = 0 

Also, if G » z£’(2)/£(z) then 

ReCFCre^®)} = cos a Re{G} - sin a liii{G} 

1.6 

Im{FCTe )} = cos o Im{G} + sina Re{G} 

The above sinniltaneous equations yield, 

(4.4.3) Re{G)»l+cosa[Re{F(re^®)}-cosa]+sina[Iin{F(re^^)}-sin a] 
Equations (4.4.1), (4.4,2) and (4.4.3) together yield 
2/^’’^Ro{G}dii£(9)*2cosa/^^[Re{F(re^®)}-cosa]dv£(6)+2/p’^ dy£(6) 


B 2 cos a ^ t” + 2f^ dy£(e) 

nasi 


From this equation, we have 


2/2” Re - coe aj |uj2 r"'! . | /f d„,(6) 

O £(16^”) ^1=1 

Integrating tho above equation with respect to r from 0 to r, we obtain 

ie % 

C4.4.4) 2/f log -J-l dRfCej = cos c. ■ , - 

In view of lemma 4, the equation (4.4.4) yields the required 


result of the theorem. 
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CHAPTER 5 

Tll§. Problem Of_ MejomoxphicallY GenOTaliz^ 

Close-TO-Cpnyex Fiinctions 

% 

5.1. In this chapter we generalize a class of meromorphically close-to-convex 
functions introduced by Libera [31] and study the radius of convexity problem 
and the coefficient problem which will include the results due to Libera. We 
begin by reproducing some definitions given by Libera. 

Defi nition 1 . Let , 

(5.1.1) F(z) • + b^ + bjZ + b 2 + ... , (a real) 

be meromorphic function in the unit disc D with simple pole at z = 0 with 
the residue e^®. The function FCz) is said to be starlike of order 
e, 0 ^ cr ^ 1, if and only if, 

(5.1.2) Fe 'b > a ,zeD 

This class of functions is denoted by . 

Definition 2, Den ote by B(X,cr), 0 1 , the family of Actions 

(5.1.3) f(z) « 1+ a^ + aj_z + + ... + a^^z^ + ... 

which are rejular in D exc^t for a simnle.pole ^ ^ and together 

with_ some F c S* , such that 

(5.1.4) Re vX , z e D 

Then f(z) is said to be meromorphically close-to-convex of order X and 
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® wi th r espec t to the function F(z). 

~ A 

The class BCX,o) can further be extended as follows. Since 


(5.1.5) 


zf’Cz): 
■ F (z) 


z=o 


= -e 


la 


-cos o > X > 0 


We have 

(5.1.6) Re {-sec +i tan o) ^ -X sec a 

The left hand side of (5.1.6) has value 1 at z = 0. Now we define the class 

B(6,X,o), 0 ^ ® ^ 1» and ® ^ 1, of all functions F(z) and 

f(z) having representations (5.1.1) and (5.1.3) respectively, such that 


(5.1.7) + i tan a + X sec a} (1 + X sec a)~^ - B [ < B 

for all (zj < 1. 

The family of functions f e B(X,cf) has been the subject of recent 
investigations by R.J. Libera [31] and the family of functions f e B (0,0) has 
been studied by Libera and Robertson [28], We state here a lemma due to 
Goel [14], which we shall need. 

Unma [Goel]. Let P(z) * 1 + p^z + + ...» ^ regular ^ D 

and satis fjf;_ th£ 

jp(z) - b| < B (e >1. 1^1 

then 

l+a)(z) 

P(z) « 

1 + (^:W(z) 
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.?9K- of Schwarz's lemma (see [Lensnas 

l,!j . < |p(z)|<,.., 1+iM 
l+a-~)Iz| 1-C1-|-)|2! 

and 



5.2. The Radius Of Convexity, In this section we shall derive the largest 
region {}z| < r) of convexity for f e BC5,X,cr) and prove the following : 
Theorem 1. I£ f(z) e BCe,X,a) then f convex and consequently univalent 
iji disc_ |z| < r, r > rCg,X,a)> xCB,X,a) being the smallest positive root of 

J!I5, 


(5.2,1) r^[(l-^)(l+X seca)+X sec a] (l-2a)-r^[2(l-cj){(l-i-) (1+X sec a) 

+X sec a}+ (2-^)(l+X seca) + (2a-l)] + r(2a-3) + 1 = 0 


Proof. Let 


(5.2.2) 


PCz) 


-seca + i tan a+X sec a 


1 + X sec a 


then P(z) , satisfies the conditions of leirana ,, Differentxating (5.2.2) and 
simplifying we get * , 
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zF'(i), 


iZP'Cz) 

I V,VA V_, 


P(z)- 


P(z 3 

Xseca+i tana 
1 + ^ sec ct 


But from lemma as used in(see([ 14 ] ,p.p. 104 - 116 )) we have 


( 5 . 2 . 4 ) 


zP'fz) 


,X seca+i ta m- j 1 


X. C““‘Y+’X“'seir''a 


(2-^)!z! 1 +X seca 

iJzJ -(l-^)lzp la seca, 


X{l-|zj)seca 
1 + ( 1 “'^ ^ ^ ^ 


Further, since FCz) is starlike meromorphic functinn of order a, we have [393 


^ ;0lUl<r 


( 5 . 2 . 5 ) 

Hence from ( 5 . 2 . 4 ) and ( 5 . 2 . 5 ) we have for Izl = r 

1 


■ , z£”(z), 

( 5 . 2 . 6 ) -Re{l+“|rM‘’^ 2 - ‘T+r 


( 2 -i)r(l+X seca) 


(l-r)[l+t(l-j)Cl+^ seca)+X secair] 

rJ[ ( 1 -^ CUXsecOUsecc] ( 1 - 2.5 [2 (l-c) ( ( 1 - 1 ) (l*l.«.l ( 2 - 1 ) (Msec) 

^ _+(2tJ-l)l+rI2(J-3]+l _ . - . - 

( 1 -r^) [ 1 +U 1 "~) 

We note that the denominator of the expression is positive for 8 _ 

0 < r < 1 . Hence the smallest radius of convexity region for £( ) 

J be obtained wh«.ever the nuaeratot is positive. Denote the nuaexator of 
( 5 . 2 , 6 ) by D(r). then U(0).l and U(l) = - 2 ( 2 -|')(l+l 5 ®“= o) _ 0 
the smallest positive root lies between 0 and 1, hence the result of 

follows . 

From th«>xem 1 we obtain the following result of Ubera [ 31 ] bynhdcxng 


$ * in thooifoill 1 * 
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Theorem [Libera] : H f e B(X,a3 with respect ^ F, then £ is convex 
.and cons eluent ly unival ent to a disc ] z | < r , r > r (X .a) , r (X ,0) being the 
smallest positive ^pot o£ the polynomial equation 


r^[l+2Xseca] Cl-20)-r^[3+6Xseca-40Xseca] 4 (2a-3)r 4 1 = 0 

5.3 Coefflcient^^Bounds^^. The following theorem gives an upper estimate for the 
coefficients of f to B(B,x,0]. 

Theory 2. fCz) e B(0,X,0) with r es pect to F(z), haying the Laurent 


e^giansipn (5.1,3) a nd (5.1.1) respectively, and torther to 


(5.3.1) 

then 


k»l 


(5.3.2) Cn|a„|.|b„|)^ < [(2-l)='(X.cosa)2i{l (1-1) (H. 


-la 

B 


n-l , ,7 X^.sin^ci 2(2X^.Xcosa«in^a). . 

2(X.c05a)|) ? 2k|a^l|b^|. I |l>^Pt(^ -f" )- ' 

lc«l k«0 6 


4X(X4cosa))+4nla^| Ib^I- ^ (2 - |-) laj^l 

Proof. The proof of this theorem depends on the method of Clunie as used by 
Libera aiKi Robertson [28]. Let 

p(x) « ( 4 i tan a+1 sec o ] [1 4 X sec a] 


By lenta , w© have 
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-secazf'Cz) _ e~^%eca+[(2Xseca+e^®seca)-CX+i sina)^f- JtoCz) 

F(zr' " 1 ' “ 

1-(1 - i)a3Cz) 

Hence by direct coii 5 )utation, we have 


(1) 


(z) r{-l+i+(^- “-2X-e^“)e^”)+terms containing z]=bQe“^®z+(b-e"^®+a|)z^+. 

p ^6 p ^ , 


and so 


-b e'^^“ 

(iJCO) = 0 and u’COD = •• - ^ ■ 

-|.(X+i sina)+(2X+e^“)+(l-l)e'^“ 


We fiirther observe that, when a_j^ * 1 and b_j = e^® then 


to 




k*-l 


k=0 


Thus we may write 


n 

sina)-(2X+e^®)\]z’'-^l= I Cb^e"^“+ka^)z^*^+ I c^z 

ic 0 n 


The above equation implies that 


I jka,(l - h +,{i(X+i sina) - (2X+ei“)} b x2Ck+l) 

>1 A P a ** 


n-1 

I 

k=-l 


n 


> L- { i (b- e"^“+k a^) {re^ ) 

-2it o 'ic=o ^ ^ 


i6^k+l {2 


d9 


n 


i“f2^2k+2 


= I 

k=0 
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Making r 
n 


I 


^ 1, we get 

I, k k=-l 


ia^\v 1 2 


k*0 


, ^ f"- -(2Uei»,)ei«l^ .;iVa,a4) * ‘ 

(5.3.3) Ina^+V i - 8 

l(X.l Sinc.)-C2^«i“l)b,l^ - llca^ * V 


Now 


we note that 




F_} 


(5.3.4) lnaj,+b^' 


(5 


.3.5) l-Cl'K^ ® 


1 fi 1 ) . =k^KPa-j)^*l\' ‘ 

C5.3.6) 1^^ ® 


, , ,,2^.xcosa.sin2“,.^4x2.4Xcosa.l)*2Be{lca^b^Cl-fl!- j 

2+sin^a or- " ^ 


- _U rX-isinct . (2X+e"^“)] }} 


X‘+sin"a _2[- & 

' 5 ^ 


and 


(5.3.7) ika^-^V 




^ f5.S.6) and C5.3-7) «e have 

vi&TkO^ fro® C • - 

' ,, sin“-(2X+e^“)>bi,l^-i^VV i ^ ^ 

(5.3.8){Ilca^Cl-r'"'- a 


X— 3-S3.rct^ 

9 2 on2+xcosa+sinV-j+4X(X+cosa)>+2Retka^b^[(- g g 

x2.sin\ _2('^ 

- b 2 


2 X+e”^* _ 2 (X+cosa)l 


a 
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Making t 1, we get 
n * 2 

I )ka^ + 1 I |ka. (l-^+{kx+i sina) - (2X+e^“) }b, P 

k=o ^ ]c=^«i ^ e e K 

C5.3.3)|na„rt e-‘“l2 < |-(1-1) + {^■*‘ -(2Uel“)Ui«|2 *"f [Ika^d-l) ♦ < 

^ P k=o 

i(X+i sina)-(2X+e^“)}bj^|2 - Ika^ + 

Now we note that ' 

(5.3.4) |najj+b^e"^“{^ = ^n ^n^ 

(5.3.5) l-(l-|.)e-i“+^"'%^^''“ -2X.e^“P = (2-i-)2(X+cosa)2 

(5.3.6) |k a^(l-|) + - (2X+e^“)>b^P =kkaj^P(l-|-)^+l^k^^ ^ 

-'^*-=1”^'? -2t?"-^*^•^°■|“*=>''^“^4x2.4Xcosc..l}.2^!e^ka^F Cl4)[‘'"?‘5“-C21*e-i“)]}} 

8 ^ 

and 

(5.3.7) lkaj,+bj^e'^“d = * 2 Reik a^^ e^®} 

Hence from (5.3.6) and (5,3.7) we have 

(5.3.8) {lka^(l-i)+d:^y^5“.(2X+e^“)}b^l2-|ka^-^b^e'^“jk=-k2|a3^}2^^^^^ 

h -2(^^ °‘^+4X(X+coso)}+2Re{ka,b, [(^ '■.|^ ) {l-k'*‘ 

-2(X+cosa)] }• 
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From (5.3.3), (5.3.4) and (5.3.8) we have 


Re{nei"aj^b^}< (2 -^) ^ (X+cosa) [ -k^ 1 a^^ 1 ^ ^ 

lc~0 


8^ 


2 - 2 

_ 2 ^'^+^cosa+sinV ^ _X-isina i. 2X+e 

g2 ' ■■ ■ 8 )+4 X(X+cosa)+2Re{lca^F^[- g C^-g>+ p 


. 4 - 2 . 


-la 


-2(X+cosct)]}] 

This implies the result of the theorem. 

* 

It is wellknown [39] that every normalized meroiM>rpbic univalent 
function satisfies (5.3.1), hence theorem 2 yield the following : 

Corollary 1. ^ f e B(P,X,o) with respect ^ F and i^ f is univalent in D, 

then the coefficients of f are related by (5.3.2). 

Since F is starlike meromorphic univalent function of order o , it is known 
[49] that 

Theorem [Poramerenke] : If. P ^ 


(5.3.9) I (k+cT)ib 1^ ■< (1-0). 

k=0 ^ 


By a direct application of (5.3.9) it follo’vs that 


(5.3.10) I kla,^ b^j < ( I klaT^|^)^'^^( I klb^P)^^^ < (l-o)^^^ 

k=0 K ^ - k=0 ^ k=0 ^ 


Since f is univalent and so (5.3.1)holds, hence by using these estinates we 
get the following: 

Corollary 2. If f (z) e B(8,X,a) and if f is univalent then 
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We deduce the following theorem of Libera by making in corollary 2. 

Theorem [Libera]: If f( 2 ] e BCX.cr) with respect to F and (5.3.1) is 
satisfied then 

(nUnl + Ibj^l) < 2’^(1-X)^^2 + 

5.4. In this section we shall extend the definition of the meromorphic 
functions which are close-to-convex in sMie fixed direction. 

Definition 4. ^ f(z) ^ given ^ (5.1.1) and for each r(0 < r < 1) 

the image curve r^, corresponding ^ |z| = r through the function f, has 
the property that each straight line parallel to some fixed direction cuts r. 
in atmost two points, then fCz) said to^ ^ convex ^ that direction. 

It is to be noted that if f(z) is convex in one direction it need not 
be univalent in 0 < I z 1 < 1 . An example to this effect has been given by 
Libera and Robertson [28]. They have further shovm that if f(z) is convex 
in the direction of imaginary axis then 

Re{ > 0 Cjz| < 1) 

1-z^ 

Definition 5. We shall call fCz) = ^ + a^ + a^z + .... to_ ^ convex in the 
imaginaiy direction, of order X, iJ 

^ CO < X ll) 

1-z 


(5.3.11) 
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and denote the class of functions f(z) characterized by (5.3.11), by K(X). 
Definition 6. We shall denote the family of functions f(z) having the 
representation (5,1.3) and satisfying the following condition 


-X 

1-z^ ! 

-e ■ < 3 

1 - X 


by KgCX). 


If P(z) = -X) ( ) 

l-z^ 

then P(0) = 1 and Re {P(z)} > 0 for z e D. Hence by lemma 1 we have 


-z^f'(z) ^ Cl,-X) (l+toCz)) 

l-z2 l+C-“^) a)(z) 

$ 


If F(z) = -( = - 1 + z then 

l-z2 " 


zF'(z) _ ,1+z^ 
I- 2 ^ 


FC'z) 


J TY /-zF' (z)-, 

and Re ^ ' p (2) ^ 


0 . 


Hence F(z) satisfies the conditions of theorem 2 with o = "if, cf = 0, b^ = 0, 

bi = 1 and b = 0 for n > 2. Hence from theorem 2, we deduce the following 
I n 

theorem. - ^ ^ ^ 

Theorem 3. If fCz) e KgCX),^real ^ the real axis and 
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t hen 

|ai - 11 < Cl-x) C2 - i) 

and, fox n ^2, we have 

S k=o ^ P ^ ^ 

2 

2( - b - 4X(1-X)+2 Refaj [ j (1- i) ^ + 2C1-X)]} 

Making 8 « in theorem 3 the following theorem of Libera and Robertson 

[28] is obtained. 

Theorem [Libera-Robertson] : ^ f(z) be meroroorphically convex in the 

direction o£ imaginary axis ^ 0 < jz] <1 and real on the real axis. 
Then 


■'n' 


3(1+1 
< -■ 


1 ) 


1/2 


n 


- TT 


for n > 2 


and 


laj^l <_ 3. 

^ fCz) is univalent, then 


2/2 


n' 


n 


,|a^l < 1, 
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(mPTER 6 

Some Growth Estimates For Typically Real Functions of Class T(p) 

6.1. The fimction £(z) * z + I a z’™, regular in }z| < 1, is called 

n=2 ” 

typically real if it is real on the diameter -1 < z < 1 arid at other points 
of the disc jzl < 1 it has the property that Im{f(z)> and Im{z} always 
have the same sign.. Such a class of typically real functions was introduced 
by Rogosinski [58] and is called the T(l) class. The integral representa- 
tion of such a class of functions has been obtained by M.S. Robertson [53] and 
also by Golusin [16]. Recently, W.E. Kirwan [26] has obtained the necessary 
and sufficient condition on the measure function occuring in the integral 
([53] and [16]) with the growth of M(r,f) = max jf( 2 ){ for the fimctions 
of class T(l). In the present chapter our aim is to extend the results 
of W.E. Kirwan to the subclass of typically real functions of class T(p) 
introduced by M.S. Robertson [54].6elter [13] defined the class TCp) by 

m 

f(2) = J c z’^ such that 
n«l 

(i) f(z) is regular in the disc |zj <1 and all the coefficients are real. 

(ii) there is a number 6 , o < 6 < l, such that for each r in the 

interval 1^5 < r < 1, Im{f(z)} changes sign 2p-times on the circle jzj^r. 
If p =1, the class T(p) reduces to the class TCI) . The T(p) class in 
particular includes all p-valent functions with real coefficients ^ ^ 

starlike with respect to a point on the real axis. Gelfer [13] has shown 
that if f(z) belongs to the class TCp) then it can be e:^ressed as 
following : 
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where A® are real coefficients expressed by the expressions given in 
article 6.2, and the numbers 6^,0 < 6j„ < tt («=i;2,...,p-l) denote the change 
of sign of Im{f (z) } on |z| = r and ii(6) is an increasing function such 

ff ■^o S(2,cos 6) is defined in (6.2.2). For 

simplicity, we shall denote the sum and product on the right hand side of 

(6.1.1) by B(z) and A(z) respectively. >’nte that (6.1.1> is also an inductive 
consequence of the results of Goodman ?nd Robertson [18]. Throughout this 
chapter we shall restrict ourselves to functions belonging to the class T(p), 
having the representation (6.1.1). We shall denote by T*(n) the subclass 
of functions of class T(p) which satisfy the additional condition 

(6.1.2) Urn suD M(r, S(z,cos ©J) (l-r)^^^‘^^ = « 

r ^ 1 k=l ^ 

where S(z, cos ©^) is the same as in (6.1.1) and a is strictly greater 
than zero. The results derived for the class T*(p) hold trivially for the 
class T(l) . 

6.2. Notations ^d symbols : In this section we list the notations and 

symbols which we shall use and also specify two inequalities, (6.2.5) and 
(6.2.6), to which we shall refer frequently in the sequel. 

i lcpc-l)...(k-i+l) 

l' ” ■ ' ■ i! 

S{z, cos ©) = z(l - 2z cos 0+ ^ ^ ^ ^ ^ ^ 

Sj(z,cos 0) = (l-z^)(l-2z cos 0+ 2 ^)'^ 


( 6 . 2 . 1 ) 

( 6 . 2 . 2 ) 


(6.2.3) 
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JaI; = I M)"' 


i=o 


k-i .i 


Ck = I, 2,3...... p-l) 


k-i-2 o k-i-4 


■A^ = 2i - ‘ 2 " .. 2^.2i „ 2 
‘ k k-iSc-1 k-i-2 ^k-3 


» ^ ,k-i-2 2i 

... + 2 _ ^ cose^^cosey^...cosej^_._2+ 


k-1 

^ cose cose + . . 

•W^ 1 2 




1+ 2^”^ J cos6y ..cosB^ 


k-1 


r,>...>ri ,=1 

1 k-1 


k-i 


I 


m k-i > 0 and ^ even , 
C6.2.4H 


Li 


k-i-3 


‘'^k ■ ^■k-l--i'i=-2 I cosepjcose^^cose,. 


' k-1 


3 2i 


k-i-5 
2 


+ ... +2 


k-i 


k-1 


rj>r2>. ..>r^_j=l 


rj>r2>r3=l 


cose., cose.^ ...cose_ 

’'l ^2 ’^k-i 


£ if k -i > 1 and ^ odd » 

i 

^ .k _ . 


(6.2.5) 

ln(0) - v(s)| < A le+sjje-sj^ ^ 

(6.2.6) 

ly(e) - y(s)l < B |e+s-2v{ le-sl^"^ 

vdiere s and 

0 lie in the interval [0,v], X is a real laiaber and A and B 

are constants. 


(6,2.7) 

A(r) = b{(l-r)’^"^^"^h 
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C6.2.8) B(r) = I ^ 

(m*k) ! (m-k) ! 


iji=l k=l n=m 


(6.2.9) * a^Cn) denote the coefficient of in a(z) 

6.3. In this section we shall state lemmas which we shall need. 

^nrnia 1. f(z) = S(z,cos6)dv(0) ^d 0 < x < 2, then 

MCr,f) = m^ |fCz)| <0(l-r)'^ 

!z|=r 

^ and only if, y(0) satisfies (6.2.5) and (6.2.6). 

This lemma is due to W.E. Kirwan ([26]; p.9). Hence we emit the proof. 

Lemma 2. We find that |a(z)1 ;< A(r) 

16 

Proof ; For z = re , we have 


(6.3.1) |S(z,cos 0^)1 = Iz(l-2z cos 0j|^ + z^)~^| 


s 'j-4 Re(^^^~) cos 6^ + 4 cos^ 6.] 


fl+Z 


The expression on the right hand side of (6.3.1) attains its mayiTmim at 

i._2 1+72 

0. = 0 when Re(^ ^ ) > 2, at 0. = ir when Re( / ) < - 2 and at 

1 Z — 2 — 

2 2 

0. * cos”^(Re(-^-^ )) when jRe(^*^ ) 1 £ 2. 

From the above facts we obtain that 

ls(re^®, ±1)1 < y . if |Re(-^'^|-^) j >2 

(1-r)^ 


and 
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* 2r 

|S(re^®,cos-^(Re(]^.^3)[ < | if \ <2 

Hence we obtain 

-rt P”1 V 

(A(re^ ) I ^ j H S(re^®,cos 0 ) j ]/^S(re^®, cos <J>)dv((^)j 
k=l K o 

^^3 [/q S(re^®, cos <j))<iyC<{') [ 

< =A(r). 

TTie last inequality is obtained by leirana 1 . 

I^inma 3; We find that 1 b(z) 1 ^ B(r) 

Proof : Clearly, with z = re^®, we have 

p-1 m 

1b.Cz)1 ^ I jA™l I |sCz,cos 9,)1 

in=l k=l 

P;1 » |a,| 2kC2iii-l)! - 

i I f I - ■ ][ I - ■ - • ■ r"] 

m-l ^^-i(in+k) 5 (m-k)! n=m (2m-l)l 

= B(r) . 

6.4. In this section we shall prove the following theorems 

^ * 1/0 
Theorem 1. If f(z) = z^ + '[ a z^ belongs to the class T(2) and (Im{fCz)} " 

' ' ' ' n=3 ” . 

and Im{z} have the_ same sign, then 
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i£. (6.2.53 and (6.2.6) hold with X = 2. 

' Sufficiency part of theorem 1 follows from lemma 2. In order to 
establish the necessity part, we observe that ' (f(z)}^''^ is analytic in the 
unit disc and belongs to the class T(l). Thus, if conditions (6.2.5) and 
(6.2.6) do not hold then by lemma 1, there exists a sequence on which 

|f(rne ^3 ” 


as 


Hence on the sequence {r^ e } 


M(r^,f) 5«0(i-r^)4 

whenever conditions (6.2.5) and (6.2.6) are violated. 
This completes the proof. 

In generaL we have 

Theorem 2. I^ f(z) e T*(p) and 0 < X ^2 then 


M(r,f) = max |f(z) j = A(r) + B(r) 
|zl=r 


if (6.2.5) and (6.2.6) are satisfied. 

Conversely, ^ f(z) e T*(p) and 0 < X 2 jmd M(r,f) = A(r) + B(r) , 
then (6.2.5) and (6.2.6) hold for every sequence {s^} and {6^} in each of the 
following cases : 

(a) sequences {s^} and (6^^} limit point zero. 

(b) 6 q ® 0 or ir and X ^ 1. 
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Proo£ . The sufficiency part of theorem 2 follows immediately frcan lemmas 1, 

2 and 3. 

In order to establish the necessity part, we shall show that, if either 

of two conditions (6.2.5) or (6.2.6) fails then M(r,f) A(r) + B(r). Choose 

the sequences {s }, (t } and {A„} such that lim s ,t ,A = s' t’, “ 
n n n n n n > > 

n 

respectively and 0 < s', t' < -rr and lvi(s ) - v(t ) ( > A |s +t Ms -t 1^’^ 

n n * B * n n * ^ Ti n 

to violate condition (6.2.5), Without loss of generality^ we may assume that 

^ since y(0)is bounded, so 5*=t^. pusher, sunpose that 1-r =s -t 

“ n ’ n n n 

i6 

and |z I = r . We shall show that for the sequence {z„} = (r e °} 
n n n n 

, , X+2(p-l) 

lim|F(Zjj)Kl-r^) where F(z )=A(z^) and 6 is an elanent in [0,2Tr] for 

which (6.1.2) holds. We shall consider the following three cases separately 
(i) 0 '"'j (ii) (iii) ^ir. In case (i) we have 




1 

= - I lS(z^,cos ej^)|l/p S(Zj^,cos 0)du(e){ 
k=l 

- I \ 1 n ls(z^,cos S^(z^,cos 6)dy(9) 

■Tr(l-zg) k=l 


Since Re {Sj(z^,cos 6)) > 0, we have 


p-1 ie 

|F(Zn^K' 'l l ^ S(z ,cos Qi.)!/]! Re{S, (r e cos 9)} dp (6) 

ll-r“e^^®ol K o in 


p-1 iQo 6 +s -t 

- - I n S(z„,cos6. )1 Re{S (r e ,cosXn)}/® ” ^ 

k=l " ' So 


n 


dp (9) 
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p-1 ie^ 

^ k!l^ I (l-ZrjjCosx^cose^+rjKv VV ^®o> ^ 


2 2ieo 




for some lying in the interval [6o»6^+s^-tjj] .and for some suitable constant 

AC> 0) , Since 


l-2T„cosCve„Vi:J 


2rjj sin x_ sin 6, 


= 1 - 


n 


(1-r )^+4r sin2(f" °) 
n n 2 


> 1 - 


sin sin j 

2 sin^C^^^o) 

2 


+9n^ - 2 


and 


1 - 2r^ cos (9^-x^) + = il-T^f * 4 sin^ °) 


n 


= (1 - 4r^(-% - ... 


<2(1 -r^)‘ 


Further, since vC©) has its finite upper derivative, therefore for some suitable 
positive niimber tj, 0 ;< < <*>,. we have 


C6.4.1)|f(z J| > - ■ - - - . . 

.2i.- ,2 2i0, 


ie. 


n' 


2(l-r^)"ll--'r^ e <>1 
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Case (ii) , if ® then proceeding as above, we obtain 


.P-1 




*1 n SCx^6'’',cose^)|(l-r2i{v(,)-„C'r-VV} 

IC“* X . . ' ' 


(l+2r^cosx^+r5 


where ir- (s^^-t^) <_ 5. • Again frcm the fact 


1 + 2r_cos x_ + r^ < 1+rf +2r„ cos {ir-(s -t )> 

n n n— n n 


= 1 + r^ - 2r {1 - y 

n n h ^ . -r 


, 2 , 

^n 




Hence, again, for some suitable constant i> 2 > 0 ^ ^2 ^ 1^®''^® 


P-1 


j2A 'n S(r^ei’',cosej^)|(l-r2:){A^(l-r^)l-\s^+y-il2(l-r^)} 
(6.4.2) 1 fCz^)|> -M 

5(l-rj^)2 (i-rj) 


In case (iii) when v < 0^ < 2^, we have 


P-1, 16- , 2 2 fV%-^ 

All ls(r^e °,cos6pj(l-rp(l-2r^cos<l>QCosXj^+r^}/ <Jv(0) 

iFCVli ,- . . - - . - 

*;i2 l<j)Q . - 2 

ll-rje |(l-2r^cos(Xj,-<^^)+r2)(l-2r^ cos(x^+(fo)+r„) 


where = 2v - ©q. This evidently implies (6.4.1). Mow from (6.4.1) and 

(6.4.2) and the fact that f(z) is assumed to satisfy (6.1.2) implies that 



95 


(6 


4.3) (1-r )'*^<P-«|F(z )|> 

n » Ti'' *— ‘ - - - X * * - 


l-X 


where Z is a suitable constant. 


•> 2ie^ 

fi-V li-v 1 


Evidently, it follows from (6.4.3) that if (s^^) and {t^^} do not have limit 
point zero then M(r,f) A(r) + B(r). When 6^ = 0, or n, then 


(6.4.4) ,a.r^) 


X+2(p-l) 


V n' 


m 


^ AC-e) (l-rn). - Ul-r^)'-'} 




X-1, 

= A(a-e) - t(l-r^) } 


-♦■“asn-»-»ifX^l. 

This proves that (6.2.5) is necessary in each of the cases (a) and (b). 
Similarly, it can be demonstrated that (6.2.6) is also necessary in each of the 
cases (a) and (b). This corapletes the proof of theorem 2. 

A function n(0) defined on [0 ,it] is said to satisfy a Lipschitz 

condition of order X(X ^ 0) at t = (|) on [0,v] .(denoted by V(0) e Lip(X) at 

v;e have 

t = <^),if for all e e[0,ir],/.lv(e) - v(«{')l lA(0)-}e - We assume for our 

purposes that A(6) ^ 0 for all 6 e [0,ir]. 

Theorem 3. If f(z) e T*(p) and ^ ®o ^ ^ 0 < X < 1 thm 

iSn 

|f(re )| » b{A(r)} , as r-^1 

if smd only ^ , n(e) ,fe lip (l-X) at 9 = 0^. 
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If * 0 and w and 0 < X < 2 , th«i 
jf(re^®o)| = b{A(r)} a$ r 1 

if and on^ v(B) e (2-X) at 6*0 and w , respectively. 
Proof : By definition of A(z), we have for 2 * re 

1a(z)( < A(l-r)"^^P*^^|/^ S(2 ,cos8)du(e)l 

> 

Now let 


I * /^ S(re cos 6) dn(6) 

We restrict ourselves to the case when 6^ lies in the interval {0 . The 

other part when 0_ lies in the interval [^,v) can be treated similarly. The 
case when it < 6^ < 2v, is diametrically symmetric, hence we omit its reference 
in the proof. Integrating I by parts we have 


i8 iOq q j 19q 

I=S(re ,-l)[y(v)-y(eQ)]+S(re .1) [v(6lf°-/p[v(e)-y(eQ)l C^Cre .cose)3d6 

O 

Vfl-r) 6o+(l-r) _ ie^ 

=o(i)+C / .cose)]de 


= 0(1) * 1 ^* 1 ^* I3 
Now, 

jijllA/ |y(0)-v(eo5ll®*6or^ ^ •(eo-e)-^W 


* O(l-r)”^ for j = 1,3. 


ihit , for I2, we have 
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TTiis completes the sufficiency part of the theoron. 

Th® case when 8^ = 0 (respectively v) and ii(6) e Lip (2-X) can be 
treated similarly. 

Now we shall establish the necessity part of theorem 5 when 6 q = 0 
(respectively ir) . Following exactly the similar lines as that of theorem 
2, we have 


p-i ie. 


A U ls(re °,cos0j^)(l-r^)j! 


lACyl > 


k=l 


4(l-r2) (l.rjj)^ 


where 


Hence, 


j/g dw(0) ;if 0Q * ir , lim » ir , < v 

J={ ^ 

5 S 

^ dy(e);if 9=0, lim = 0, ^0 

5 ° n “ 


'u(v) -u(s^) ;if = IT, lira Sjj = V 
j =' { 

I , 

-y (s ) -w(0) ;if Sq * °* ®n ° 

n ® 


Hence if u(e) jt Lip (2-X) at 0 , then 


Iv(8„) -yCs„)l > ' 'S.f®’ 
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and 


p-1 ie. 


AA„jn S(re °,cosej^)t (l-r^Xl-rj^) 

lAtVI > - 


2-X 


4(l-r„)3a*r„) 


Hence , 


I -»• 0 * as n -^«,if u(0) i Lip (2-X)at 8^. 


This proves the necessity part of theorem 3 in the case idien 0^ = 0 
(respectively v). Similarly, if 0^ 0, w, then 


P-1 -9. 1-1 

A| n S(r^e ,cos9j^)l(l-rJ){\(l-tn> ^ 




k=l 


2(l-r„)^ \l-rl 


and this implies that 


(l-rj^X |A(2„)| ■»“ » as n ^ » 

if v(6) £ Lip (1-X) at 9 r 0Q. This completes the proof of theorem 3. 
Theorem 4. K f(z) c T*(p) and fC±r) = 1* 


L(r,f) = i^/%lf‘(rel®)|d0 
2iTpArP“l(Bp+C) l2iTAglmr®~^ 

a-r)^2(p.i) * W 



f 


; if X 



then 
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where A, B, C, D, E are absolute constants. 

Proof of Theorem 4: We note that if e 0 , orir, then for z = re^^ 

(6.4.5) /^|s'(z,cos e)ld> < A(l-r)”^!^osec ej 
and 

|S'( 2 ,cos 0 )l ^2A(l-r)*^ I cosec 6 1 
Also for 0^9 < 2Tr, we have 

' cos ; if COS e ^ 

- (l+r^-2r cos 0) l+r^ 

V 2 

I f • Cra“ ) I < • { cos ; if cos 9 < 

Thus 

(6.4.6) 


(l+r^+2r cos 0) • 1+r 

i 

; prP"\ur'^-2r2 cos 20) q\ < 

; IsinelP^l (l-r^)?-^^ 


/^’'lf’(re^®)|d6 = (/^ + )lf ’ (re^®)! d0 


where the sets 
in E^, cos 0 < 

If all ajj (k = 



1.2,3, 


, E_ are chosen in such a way that in 
o 

and in E^, Icos ©I 1. • and E^ E^ 

1+r^ 

... ,p-l) are zero, then 


E,,cose L - 

1+r 

Ej * [0,2irl. 
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3^ 

)f'(re^®)ld 0 <prP-l[/p e)^ ^ ^ 


^ (l+r2_2rcose)^- 


+ / 


(l+r -2r cos 9) 


E ' + /t: ‘ 

(l+r^+ 2 r cos 6 )^ 2 ^ 


Cl+r'^-2r^ cos 26)^'^^ 


3 I sin 0jP+l(l-r2)P+l 


< 2.prP-^[ . ^ - ^ L /p > 4r2a-.2^^-%l/2 


(l-r)2p+l (l-r)^"^^ ^3 |sinef2p+^ |sin 8|^ 




>*' * 


a-r)2p^^ (l-r)^^ 


l£ all 2, 3, ..,, p-1) are not zero, then the factor 

p-1 m p-1 I AQ|2irp^inr^ ^ 

(6.4.7) r I I a“{ H S(z,cos9j^)}'Uc <2^ ., 

m=0 lc=l m=l 2m+l 

(1-r) 

must be added to the right hand side of (6.4.6). For 9^ ^ 0 , if, define 


H(r,cos 0p) = f t n S(re^'*',x.)}S'(re^**'>3C. 

P ° i=im ^ 

where x. stands for cos 9.. Since |S(re^^,x. ) 1 < - 

J T K — 


(1-r)' 


we have 


H(r,cps 0 ) < \ fS' (re^**’, x^ |d6 

^ (l-r)2<P-l) ° i=l 


d%] 
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Thus by using (6.4.5) and (6.4.6) we obtain 

^ 2TrrP"^ f I cosec (1-r)"^^; 

(6.4.8) H(r,cos e^) < { if e . ^ 0, tt 

. C(r) ; if * 0 or TT 

If f( 2 ) belongs to the class T*(p) and is given by (6,1.1), then 


L(r,f)=r/^’^{f*(re^‘^)^d4<A/jH(r,cos9p)du(6)+A/^’^K(r,<^)d<^ = L + M 


where K(r,<^) is given by 


p-1 ffi E ® 

K(r,.^) » I K ( I IT S( 2 ,cos 0.) S’(r,cos 6.))! 
in»l ° i=l k=l ^ ^ 

m 


If f(± r) * O(l-r)"^”^^^”^^ with ® 0 6^ * '’f respectively, then 

by theorem 3, y(6) belongs to the class Lip (2-X) at 8^ ® 0 and v 


respectively. Now, 


v-{l-r) 


L = rl H(r,co5Od,.(0)«(;„ */ivV2 


Using (6.4.8) we have 


jlj < C(r)lv(l-r) - V(0)| = A(r) 

Similarly by using (6.4.8) and the estimate cosec » we have 


II I , r rlLte) .,-.M (0)^/2 '•te) -vm j,, 

2 -(l-n^P-l e -0 l-r l-r g 2 



Since lvi(6) - v(0)j £ the preceding inequality imp Hes -that 


j^(Bp+C) ^ 1 < X < 2 




-1 


1^21 ±1 


(l-r)^P'^ 


{B + C log (l-r)~ } , if X * 1 


{D + E (l-r)^*^}, if 0 < X < 1 

: ci-r)2p-i 

where A, B, C, D are absolute constants. Similarly estimating jlj{ and 

jl.j and combining all the inequalities, the result of theorem 4, follows. 

Corollary 1. If f(z) = zP+ I a e T*(p), t 

Tn=l 


then 


z^'^P e T*(r^), then 


;0{(l-r)'^‘^^P>^^ if 1 < X <2 

I 

L(r,f) = {b{(l-r)-(2p-l) log if X = 1 

'hi (l-r)~^P'^^>, if 0 < X < 1 

03 

Corollary 2. If £(z) =z^+ ^ , 

• 1 

bCn^'^^P"^}, if 1 < X ^ 2 

( 

J= { bCn^P'^ log n) ; if X =i 

I 

bln^P'^} ; if 0 < X < 1 

i 

We know that 


a. 


n' 


Proof : 
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and so by corollary 1, we have 

; r'"b{(l-r)"^‘^^P‘^h, if 1 < X < 2 
«l\l 1 f r"^b{(l-r)'^*^ log (l-r)'^}; if X * 1 
' r'^bCa-r)"^?""^} ; if 0 < X < i 


Choosing X ® 1 - i we obtain the result of corollary 2. 

Theorem 5 : f(z) belongs ^ the class TCf>} and y(6) satisfies the 

conditions^ C6.2.5) and (6.2.6) with X = 0 , then 


lim 
m “ 


B®(0) 

m! 


lim 


m 


m 


Further, sequence of positive real ntmbers with lim X^^ = 0, 

then there exists a^ v(0) satisfying (6.2.5) and (6.2.6) such that for the 
corresponding f(z) 


m 





2 

for an infinity o£ values of m, where K(m) is the coefficient of^ sin me 
in aj^(m) obtained by replacing dv(6) by 


dy(6) = ^ [1 + I 


f sin m. e 

] sine de 


k=3 


.s+1 


and B*"(0) is the m^^^ derivative of B(z)= J IIS(z,cosej^) ^ z 


n ^ 


= 0 . 
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Proof : Replacing SCz,cos 4 *) for 4 » 8 , 6 - , 6 ^, . . . , 0 i. by 7 ^ in 

' " " 1 ^ sin,^ 


( 6 . 1 . 1 ), we obtain f(z) = F(z) ♦ G(z) = I a z , where, 

n=l " 

m ” ; sin ne^ 

F(s) - I A n ( I . - j' jH) and 

in=l k=l 111=1 sinOj^ 


1 P“1 sin nGv .. * • (5 

G(z) = i n ( I - . I z") dn( 9 ) 

k=l n=l sine, ° n=l sine 


From this, we get 


w n-l ^P~2 * 

( 6 . 4 . 11 ) a III [ Z [...[ I [ 

® ip.l=p-l ip-2=P‘2 ^2=2 

^2 sin i^eisin (i2-il)®2 sin (ij-iz)©; sin (ip.;^-ip.2) 6^.1 

^ V , J - ' J « * • J ' J 

± 1=2 sinSj^ sin02 sine^ sinO^ j 


^P;;2- 




sin (ro-i .)0 

- . ,...*, . j dv(e) 

sin e 

where ij^, i 2 ,..-,ip_ 2 » ^p-i» ™ natural numbers. Since 

n(e) is absolutely continuous, v'(0) ±^ 9 and u'(e) ±k (ir-e) which together 
imply that ^s an L-integrable function in the interval [0,^1- Thus , 

by Riemann-Lebesgue theorem [64] , we have 


f’"(0) b’^(O) 

urn a^= Im -j, - lin 


m ^ 


m 00 


m 00 


For proving the second half of the theorem, we take any sequence {X^} which 



105 


satisfiesthe hypotheses of theorem 5. Let ® subsequence of ’ {X^} 


with the property that » - . > where s > 0 end is an even intege 

2j^s+l ""ic 


Define 

(6.4.12) 


, " sin m. Q 


k=3 


] sin 6 , 0 < 0 < TT. 


Obviously w(0) satisfies the conditions (6.2.5) and (6.2.6), and f(z) as 
given by (6.1.1), with v(6) * Z® u'(6) d9, defined by (6.4.12), belongs to 
the class T(p). Moreover, if 

f(z) = I a/ 
m=l 

then a is given by (6.4.11) with v(0) replaced by (6,4.12), It is 
in 

clear from (6.4.11) that the contribution of the second part of (6.1.1) 
comes only in the case when m = m^. If we denote this value by K(mj^) then 
from (6.4.11) and (6.4.12) it follows that 


F™k(o) 

^ ™ r * H 

k ’"ic* k 


This completes the proof of theorem 5. 

6.5. Remarks : By using Hardy-Stien-Spencer identity ([20], 47), it has 
been proved that if fCz) belongs to the class T(p) (or more generally 
to the class of mean-p-valent functions) and 


(6.5.1) 


M(r,f) = 0(l-r)“^ 


then 
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C6.5.2) 


L(r,f) = O(l-r) 


foir ~ < X < 
2 - 


By using theorem 3, we have obtained that 


(6.5.3) 


L(r,f) => { 


OCl-r) 

[ 

0(l-r3 


-X-2(P-1) 

-2p+l 


if 1 < X < 2 
if 0 < X < 1 


for f(z) e T*Cp) subject to the conditions 


\ 'J t-TK Ilk "-A — IJ 

(6.5.4) f(r) * 0(l-r)“ “ and f(-r3 = O(l-r) 

with 9 q ®= 0 and ir respectively. It can be easily seen that (6.5.4) is a 
weaker assumption than that of (6.5.1). It is to be further noted that the 
class T*(p) forms a« extremal class of typically real functions and therefore 
the results derived in corollaries 1 and 2, remain true for f(z) e T(p). 
Corollaries 1 and 2 also contain some of the results of Robertson [55] and 
A.W. Goodman and Robertson [18] . 
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CHAmR 7 


Coefficient JBstiinates of Bounded Bazilevlc n-valent Functions 


7.1. Let 


(7.1.1) f (z) = h(<»))g^Cw)dw}^/® 

m 

where hCz) = 1 + I c z^ is regular in Ul < 1 and Re{h(z)} > 0, g(z) is 

nal 

starlike regular in jz{ < 1 with respect to the origin and 8 > 0. The 
functions represented by (7.1.1) can be equivalently characterized by the 
following condition ^ 


(7.1.2) 


Re{ > 


fl-^(z) g^(z) 


In each of the conditions (7.1.1) and (7.1.2) only principal values are assigne< 
for 6 > 0. Bazilevic [2] introduced a more general class of functions f(z) 
regular in Izl < 1 and defined by the following relation : 


(7,1.3)f(2)={^.-^ ./J(h(u)-ai)(of"“^^^^"'”^^ '^gCw)} ® 


1+ai 


1+a' 


where h(z), g(z) and 8 are same as in (7.1.1), and “ is any real number. 
He showed that any regular function f(z) in Izl < 1, defined by (7.1.3) is 
univalent in )zl 1. Thus ^ in particular, it follows that functions defined 
by (7.1.1) or (7.1.2) are also univalent in |z| < 1. Another proof of this 
result was recently given by Pommerenke [50], In 1968, Thomas (66) identified 
the functions of (7.1.2) as Bazilevi^ regular functions of type 8. In [66], 
Thomas introduced another class of mappings of jzj > 1 onto a domain 
containing <», that are analogous to the classes of BazileviiJ functions of 
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type He defined this class as follows. 

ce 

The function fCz) = ^ z ^ is called a mercHnorphic Bazilevic 

n*o 

. ■ » 

function of type B, if there exists a function g(z) = z + J b z“^ which 

n«o ” 

is starlike regular in 1 < jzj < » and satisfies (7.1.2) for (z| > 1 and $ 
real. 

A similar class of Bazilevic regular functions whose argument is of 
botmded variation has very recently been introduced by Nunokawa [40] and a 
coefficient problem is Solved for this class. 

In this chapter, we shall consider another analogous class of mappings 
f of jzj <1 which are p -valent regular and (7.1.2) is satisfied for some 
p-valent starlike [56] regular function g(z) in |z| < 1 and B ^ 0. We shall 
call such mappings p-valent BazileviJ? ftmctions. 

7.2. In this section we shall state the following lemmas which we shall need 
in the next section. 

CO 

Lemma l([2],p.99). Let f(z) = 'I a a = 1 be mean p-valent function 

- P P 

in |zj < 1. Then 




1 .2ir 

2-n •'o 


'(z)l^ de < 


P^Cl+r)^ 
r^(l - r)^ 


±_ f 

*2v •'o 


]f(z)j^ de 
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Lemma 2. If f(z3 « ^ a a = 1, be mean-p-valent in |z| < 1 

”* n-o ■ P ^ 


£_(z) « t” f'(t) dt, then 
11 0 


rl^ de < ?'” If(x)l^ d6. 

(p+n)^(l-r)^ 


1 ,2Tt 

2ir 


Proof. Let f(z) = Y a with a = 1 be mean-n-valent analytic 

i* n+p p 

n=o ^ ^ 

function in |z( < 1. Then 


»”( z Cp«)a t"*p-bdt = I - 

m=0 ^ m=o n+m+p 


Hence, 


IV.)Pde= Z 

^ m=o 




(p+m+n) 
2n+2 » 


,2 


I (p+m)^ 


(p+n) *'- ro=o 

,2n+2 


(p+n) ‘ 


lf’(z)P' de 


and by lemma 1, we have 


1 ,2'n‘f - - .o _ _2,•^.„^2_2n 


/riy-)|^de<? curl r 1 


Cptnl2(l-r)2 


de 


This completes the proof of lemma 2. 

7.3. We shall prove the following : 

CO 

^leorem. If f(z) « I a^^^ z^’^P, = 1 be mean p-valent Bazilevic 


n»o 


fraction in |zl <1 and |fCz)| £l, then 


and 
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la^l lK(e.p)/n+Jl(e,p) 

where K(6,p) and Jt(P,p) are absolute constants. 

Proof. According to the hypothesis of the theorem we have 


nla^l- -2vrh /o'" Re{h(z)}e-i''® dS 


“/f f^‘^z) g®(z) h(z)e-^"® d0 
2vr’^ o 


< A(r> + B(r) 


where. 


ACr) = f^’^(z) g®(z) •Re{h(z)}e'^”® de I 

2vr" ° 

< where K, (6) = max (1, 

— _ n i -r 


and 


1 1 

27r 

® I - - 

/ 

2TTr^ 

0 

< J6-1| 



0 

+ i.J 

1/2” 

Trr^n 


< IM 

! .2 


0 


-in0 


f(iT 


/^^jf (z)|l "~>Y:^^'ld0+ - w-**- , 2^^ . 2vp 
^~2n on 



From lemma 1 we have 

1 Cl*r)^ 

PCOI - -r 2 p 

HCTice 

{6-1I2P 2Tr j 2if 2 \ 

^ lf(z)l der 

< J i 2fir- a+r3 4 p^(l+r)^^ 1/2 ^ 4Bp 

~^2n+p-l (p+n)2(l-r) V(1 - r)^ r^- 

le-ll2P+l p2(l+r)2 ^ 46p 
r^'*’? (p+n)Cl~r)^ r^ 

Hence we obtain 
nja ! < 

- r" r^+P (p + nKl - r)2 irr’^ 

Let r = 1 - — , then 
n 

K2(B,n)^ 

la^l < {K^CB.p) + 'n 

This completes the proof of the theoron. 
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